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ABSTRACT
STUDIES IN GRAVITATIONAL-WAVE ASTRONOMY AND TESTS OF GENERAL
RELATIVITY
by
Hong Qi
The University of Wisconsin–Milwaukee, May 2018
Under the Supervision of Professor Patrick Brady
Modern astronomical data sets provide the opportunity to test our physical theories of
the Universe at unprecedented levels of accuracy. This dissertation examines approaches
to testing gravitational theories using a) observations of stars orbiting the center of the
Milky Way; b) observations of the pulsations of Cepheid variable stars in dwarf galaxies;
and c) gravitational-wave observations of compact binary mergers.
Observations of stars orbiting the center of the Milky Way have been used to infer
the mass of the putative black hole that exists there. I discuss how well present and
future measurements of stellar orbits can constrain the black hole properties: both its
mass and its spin. Specifically, I used a Markov-Chain Monte Carlo (MCMC) code to
compare real and synthetic astrometric and radial velocity data with models for the
stellar orbits and black hole mass, accounting for differences in reference frame between
different observational campaigns. Unlike previous investigations, our model includes
leading order post-Newtonian corrections to the orbit from the black hole’s mass, spin,
and quadrupole moment, as well as the impact of unknown non-quadrupole internal and
exterior potentials. I present strategies for future observations to measure the Galactic
Center black hole spin and even the black hole No-hair Theorem.
Chameleon field theory is one of the attempts to explain the observed acceleration
of our universe. I demonstrate the testing of chameleon field theory on stellar structure
scales with the distance indicator Cepheid variable stars. Using the numerical results
obtained for the evolutions of stars from MESA, I calculate the pulsation rates of Cepheid
variable stars with both the theory of general relativity (GR) and the chameleon field
ii
theory. I find that the period-temperature relation is not that simple as we previously
thought, which assumed that the equivalent effect of a chameleon field is an enhancement
of gravity and should result in faster pulsations of the Cepheids. I discuss strategies to
use observations of Cepheids to test chameleon fields.
The first direct detection of gravitational waves was made on Sep 14, 2015 by the two
advanced detectors of the Laser Interferometer Gravitational-wave Observatory (LIGO).
The waves came from the coalescence of a binary black hole (BBH) system. Since then,
the LIGO-Virgo Collaboration’s (LVC) has reported multiple detections of binary black
hole mergers. On August 17, 2017 a binary neutron star (BNS) merger was detected
by LIGO and Virgo. Subsequently, an electromagnetic (EM) counterpart was observed
in the host galaxy NGC4993. The unprecedented event provides brand new insights
into astrophysics and cosmology. I present an approach to using gravitational waves to
measure the expansion of the Universe. The methods have been tested in end-to-end
simulations of the gravitational-wave analysis chain. After we detected the BNS and its
EM counterpart, I applied my tools on the event and constrained H0. I also present
studies of the statistical method of measuring H0 carried out in collaboration with the
LVC Cosmology group.
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Chapter 1
Introduction
Newton’s law of universal gravitation states that a mass attracts any other masses in
the Universe. The attractive force between two masses is proportional to the product of
the masses and inversely proportional to the square of the distance between the masses.
The space and time are declared to be absolute and independent of the masses. This
theory requires that the information about one mass be instantaneously conveyed to the
other mass, and thus violates causality. Einstein’s gravitation is described as a geometric
property of spacetime. Einstein’s theory of general relativity states that masses tell
spacetime how to curve and in return spacetime tells masses how to move. Everything
that moves freely throughout spacetime follows geodesics. More massive objects can
change spacetime metric more extensively.
When massive objects accelerate, they perturb spacetime and change its met-
ric,radiating energy to other regions of spacetime. The energy propagates in the form of
gravitational radiation, known as gravitational waves, at the speed of light. Gravitational
waves can be produced by any accelerating masses, but the more violent the motions,
such as the inspiral of two black holes, the stronger the gravitational waves are produced.
Daily activities such as a person writing her dissertation can also produce gravitational
waves and leave some marks in spacetime even though these waves are too tiny to be
detected.
1
1.1 General Relativity and Gravitational Waves
In this section, we will briefly review general relativity that is necessary for the derivation
of GWs. We assumes a basic knowledge of general relativity, for more detailed description
one can refer to textbooks (Hartle 2003; Wald 1984). For gravitational-wave physics, I
will summarize the necessary concepts for basic understanding of GWs and the research
work stated in the dissertation. For a more detailed introduction, see a standard textbook
(Creighton & Anderson 2011).
General relativity describes spacetime with the geometry of a four-dimensional man-
ifold. The fundamental concept is the distance or spacetime interval between two points
in spacetime. The spacetime interval is defined through the spacetime metric
ds2 = gµνdx
µdxν (1.1.1)
where gµν is known as the spacetime metric and dx
µ is the infinitesimal coordinate interval
between two points. Repeated indices are summed from 0 to 3. An example is flat
spacetime with no curvature present, where the space interval is given by
ds2 = ηαβdx
αdxβ = −c2(dt)2 + (dx)2 + (dy)2 + (dz)2 (1.1.2)
where the symbol ηαβ is the flat spacetime metric and it is defined as
ηαβ =

−c2 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

(1.1.3)
in Cartesian coordinates. The t, x, y, and z are the time coordinate plus the three-
dimensional space coordinates. The spacetime metric is usually a 4 × 4 matrix and not
necessarily diagonal in general. The metric describes the curvature of spacetime that will
tell matter how to move. In respond, the matter will tell spacetime how to curve through
stress-energy tensor Tαβ that satisfies the continuity equation ∇aTαβ = 0 for continuous
matter and fields distributions.
2
The Einstein field equations that connect spacetime and matter are
Gαβ = Rαβ −
1
2
gαβR =
8πG
c4
Tαβ (1.1.4)
where Gαβ is the Einstein tensor, Rαβ is the Ricci tensor and R is the Ricci scalar. The
latter two are contractions of the Riemann curvature tensor Rαβγδ,
Rαβ = g
µνRαµβν (1.1.5)
R = gµνRµν (1.1.6)
In general relativity, test masses that fall freely through spacetime will follow the
geodesics of that spacetime. The equations of motion for a freely-falling particle in a
metric gαβ are
d2xα
dτ 2
= −Γαµν
dxµ
dτ
dxν
dτ
(1.1.7)
where τ is the proper time or the time measured by the particle if it carries a clock and
Γγαβ are the Christoffel symbols
Γγαβ =
1
2
gγδ
(
∂
∂xα
gβδ +
∂
∂xβ
gδα −
∂
∂xδ
gαβ
)
(1.1.8)
1.1.1 Linearized gravity
Linearized gravity is the weak-field approximation where the metric is taken to be a small
linear perturbation from the flat spacetime metric. This approximation is good enough
to describe the detection process for all existing ground based GW detectors. We write
it as
gαβ = ηαβ + hαβ (1.1.9)
where hαβ is the small perturbation away from the flat metric. Substituting it into Ein-
stein’s field equations, keeping linear orders of h and ignoring all O(h2) terms, Einstein’s
field equations become
−ηµν ∂
2h̄αβ
∂xµ∂xν
− ηαβ
∂2h̄µν
∂xµ∂xν
+
∂2h̄µβ
∂xα∂xµ
+
∂2h̄µα
∂xµ∂xβ
=
16πG
c4
Tαβ (1.1.10)
where h̄αβ is the trace reversed metric and is defined h̄αβ ≡ hαβ− 12ηαβh. The Einstein field
equations can be further simplified by applying a gauge transformation into the Lorenz
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gauge. The Lorenz gauge condition is defined as ∂αh̄
αβ = 0. The linearized Einstein field
equations with the Lorenz gauge are
−h̄αβ =
16πG
c4
Tαβ (1.1.11)
where  = ηµν∂µ∂ν is the d’Alembertian operator in flat spacetime.
1.1.2 Gravitational waves: solution to linearized Einstein field equations
For linearized gravity, the vacuum Einstein field equations are
h̄αβ = 0 (1.1.12)
in the Lorenz gauge. The scenario to apply this is when an observer is far away from
the matter source that generates these gravitational waves. We can assume that the
spacetime far away is vacuum. The solution is a plane wave traveling at the speed of
light.
There is an extra gauge freedom in the Lorenz gauge that can simplify things further.
To remove the freedom, we choose a gauge in which the metric perturbation is both
traceless (h = h̄ = 0) and purely spatial (hα0 = 0); this is known as transverse-traceless
(TT) gauge. The metric’s t and z components are then all zero under this gauge and four
components are non-zero: hTT11 , h
TT
22 , h
TT
12 , h
TT
21 .
Because the metric is traceless, we have
hTT11 = −hTT22 ≡ h+ (1.1.13)
and because the metric is symmetric,
hTT12 = h
TT
21 ≡ h× (1.1.14)
The h+ and h× are the two possible polarizations of a gravitational wave. The defi-
nitions of “+” and “×” are derived from their effects on matter. If we move into the TT
gauge, for a freely-falling particle we deduce its equations of motion Eq. (1.1.7)
d2xα
dt2
= 0 (1.1.15)
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Figure 1 : A ring of freely-falling test particles is affected as shown for a purely plus and a purely cross
polarized gravitational waves, traveling into the page. The diagram shows snapshot at a quarter of period
intervals.
This means that in the TT gauge the test particles will not experience any coordinate
acceleration due to gravitational waves. However, gravitational waves do have a physical
effect on the motion of test particles by changing the proper distance between them. For a
gravitational wave traveling along the z-axis, the proper distance along the x-axis between
two freely-falling particles that has physical separation of L′1 and located at x-axis is
L1(t) ≈ L′1
[
1 +
1
2
hTT11 (t)
]
(1.1.16)
For particles located on the y-axis and separated by L′2, the proper distance is
L2(t) ≈ L′2
[
1 +
1
2
hTT22 (t)
]
(1.1.17)
Fig.1 shows how a ring of test particles will be affected by a purely + polarized gravita-
tional wave and by a purely × polarized one, respectively. You can see that the names
+ and × actually come from the physical effects.
We can use an interferometer to detect these changes in proper distances. In this case,
the proper distance between an end mirror of the interferometer and the beam splitter
will be perturbed by a gravitational wave that passes through. For a gravitational wave
propagating along the z axis and perpendicular to the two arms of the interferometer,
the difference between the length of each arm is known as gravitational-wave strain
∆L(t)
L
≡ L1(t)− L2(t)
L
≈ h+(t) (1.1.18)
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where L is the unperturbed arm length.
Generally a gravitational wave passing through an interferometer is a combination of
the + and × polarizations. Using the antenna patterns (the mapping of polarizations
onto strain), F+ and F×, we can write the strain as
∆L(t)
L
≈ h(t) = F+(θ, φ, ψ)h+(t) + F×(θ, φ, ψ)h×(t) (1.1.19)
where (θ, φ) are the sky location of the GW source, and ψ is the polarization angle.
1.1.3 Sources of gravitational waves
Any binary system in which massive objects orbit each other generates gravitational
waves. These systems are called compact binary systems. When stellar mass black
holes and/or neutron stars orbit, they can get close enough together to generate waves in
LIGO’s band. Ground-based detectors such as advanced LIGO (The LIGO Scientific Col-
laboration 2015) are most sensitive to waves in 10 − 2000 Hz range. On Sep 14, 2015
LIGO made the first detection of gravitational waves from a binary black hole (BBH)
system (Abbott 2016a). Since then LIGO and Virgo have reported four more binary black
hole mergers(Abbott 2016b, 2017a,b,c). On Aug 17, 2017 LIGO and Virgo detected the
first binary neutron star (BNS) merger (Abbott 2017a).
A compact binary system is approximated by two point particles orbiting around each
other, with masses m1 and m2, orbital separation a, and orbital speed ω. The solution
for the trace-reversed metric perturbation can be found using Green’s functions
h̄αβ(t,x) =
4G
c4
∫
ταβ(t− ||x− x′||/c,x′)
||x− x′|| d
3x′ (1.1.20)
where ταβ is the effective stress-energy tensor. For the far-field regime, ||x−x′|| ≈ r. The
non-zero components of the quadruple tensor are
I11 =
1
2
µa2
(1 + cos2 ι)
2
(1 + cos 2φ) (1.1.21)
I22 =
1
2
µa2
(1 + cos2 ι)
2
(1− cos 2φ) (1.1.22)
I12 = I21 =
1
2
µa2 cos ι sin 2φ (1.1.23)
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Figure 2 : A chirp waveform as a function of time is shown. Credit: https://www.ligo.org/science/GW-
Inspiral.php
where µ = m1m2/(m1 +m2) is the reduced mass, ι is the inclination angle of the observer
from the orbital axis, and phase φ =
∫
ωdt. The two polarizations are
h+ = h
TT
11 = −hTT22 = −
4Gµa2ω2
c4r
(1 + cos2 ι)
2
cos 2φ (1.1.24)
h× = h
TT
12 = h
TT
21 = −
4Gµa2ω2
c4r
cos ι sin 2φ . (1.1.25)
and in terms of the orbital speed v = aω
h+ = −
2Gµ
c2r
(v
c
)2
(1 + cos2 ι) cos 2φ (1.1.26)
h× = −
4Gµ
c2r
(v
c
)2
cos ι sin 2φ (1.1.27)
The orbital separation of a compact binary system decays over time because the
gravitational wave it radiates carries energy away. When the two objects of the system
merge, it is called the coalescence. The time it takes the system to get to coalescence
from some initial velocity v0 is
tc =
5
256η
GM
c3
(v0
c
)−8
(1.1.28)
where M = m1 +m2 is the total mass.
The phase φ and speed v evolve over time as the orbit decays. For a binary system the
two polarizations as a function of time to the leading order are (Creighton & Anderson
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2011)
h+(t) = −
GM
c2r
1 + cos2 ι
2
(
c3(tc − t)
5GM
)−1/4
cos
[
2φc − 2
(
c3(tc − t)
5GM
)5/8]
(1.1.29)
h×(t) = −
GM
c2r
cos ι
(
c3(tc − t)
5GM
)−1/4
sin
[
2φc − 2
(
c3(tc − t)
5GM
)5/8]
(1.1.30)
where tc and φc are the time and phase of coalescence, respectively, and M is the chirp
mass
M = (m1m2)
3/5
M1/5
(1.1.31)
A generic gravitational wave produces on a detector a strain as a function of time,
h(t), which is called the gravitational waveform. For a CBC system,
h(t) = − GM
c2Deff
[
c3(t0 − t)
5GM
]−1/4
cos
(
2φ0 − 2
[
c3(t0 − t)
5GM
]5/8)
(1.1.32)
where t0 is the termination time, i.e., the time of coalescence as observed in the detector
t < t0 and
φ0 = φc −
1
2
tan−1
(
F×2 cos ι
F+(1 + cos2 ι)
)
(1.1.33)
Deff = r
[
F 2+
(
1 + cos2 ι
2
)2
+ F 2× cos
2 ι
]−1/2
(1.1.34)
An example waveform is shown in Fig. 2. Note that the frequency is in the range of
human hearing so we often make an audio for a CBC waveform and it sounds like a chirp.
1.2 Dissertation Outline
This dissertation describes my contributions to LIGO’s gravitational-wave science as well
as tests of general relativity and theories of modified gravity. Chapter 2 discusses the
work of testing general relativity with Galactic Center stellar orbits. Recent investi-
gations have provided proof-of-principle calculations suggesting measurements of stellar
or pulsar orbits near the Galactic Center could strongly constrain the properties of the
Galactic Center black hole, local matter, and even the theory of gravity itself. We use a
Markov Chain Monte Carlo to quantify what properties of the Galactic Center environ-
ment that measurements can constrain. We also used the Fisher matrix to understand
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what correlations are well-constrained and why. Using both tools, we conclude that ex-
isting astrometric measurements cannot constrain the spin of the Galactic Center black
hole. Extrapolating to the precision and cadence of future experiments, we anticipate
that the black hole spin can be measured, extending previously-observed stellar orbits.
Our simulations also give strategies of testing the black hole No-hair theorem if we have a
tighter orbit in the future. Chapter 3 discusses testing modified gravity called chameleon
field theory using Cepheid variable stars in extragalactic dwarf galaxies. Chameleon field
theory is one of the attempts to explain the observed acceleration of our universe. We
demonstrate the testing of chameleon field theory on stellar structure scales with the
distance indicator Cepheid variable stars. Using the numerical results obtained for the
evolutions of stars from MESA, we calculate the pulsation rates of Cepheid variable stars
with both the theory of GR and the chameleon field theory. We then studied how well
we could constrain the parameters that describe the chameleon fields and several factors
that could impact our conclusion. Chapter 4 demonstrates a statistical method of mea-
suring the expansion of our Universe using both gravitational-wave and electromagnetic
observations. This method is complementary to the method using a standard siren (grav-
itational wave and its EM counterpart) and can be applied to future gravitational waves
as well as be extended to studies of other cosmological parameters. Much of this work
was carried out in collaboration with the LIGO-Virgo Cosmology group and will be part
of a paper which is in preparation. Finally, in Chapter , I summarize the results obtained
in this dissertation.
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Chapter 2
Constrain the Relativity and
Astrophysics with Galactic Center
Stellar Orbits: Calibrating A Fisher
Matrix Method Against Markov
Chain Monte Carlo
2.1 Introduction
The supermassive black hole at the center of our galaxy provides unique opportunities
to unambiguously investigate dynamics near a strongly-gravitating source (Psaltis & Jo-
hannsen 2011). Eventually, radio telescopes (Falcke et al. 2000) will image the immediate
vicinity of the black hole, allowing direct constraints on the strong field of the black
hole (via imaging accretion flows; (Falcke et al. 2000)) and the local density of massive
companions (via limiting recoil effects from neighboring bodies (Broderick et al. 2011)).
At present, however, the best opportunities to constrain the galactic center come from
long-term monitoring of known stars (Gillessen et al. 2009). These measurements can also
identify effects from the strong gravitational field (Zucker et al. 2006; Zucker & Alexander
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2007)and the properties of the supermassive black hole (Weinberg et al. 2005; Will 2008;
Merritt et al. 2010; Will & Maitra 2017). Even stronger constraints would be possible
with a well-timed pulsar orbiting the galactic center (Liu et al. 2012; Rea et al. 2013a;
Wex et al. 2013; Wharton et al. 2012), at separations comparable to a recently-discovered
object (Rea et al. 2013b). High precision inference from stellar orbits, however, must ac-
count for many nearby perturbers, including the local stellar density of visible stars and
compact objects (Merritt et al. 2010). Unfortunately, existing observations do not ad-
equately constrain the perturbing density. For example, dynamical processes have long
been expected to produce a high density of nearby massive objects, as yet inaccessible
to direct electromagnetic observation (Freitag et al. 2006; Preto & Amaro-Seoane 2010;
Alexander & Hopman 2009; Merritt 2010; Merritt et al. 2010; Genzel et al. 2010; Alexan-
der & Pfuhl 2014). This likely-anisotropic dark density is most likely to be constrained
indirectly, via its gravitational effects (e.g., (Alexander & Pfuhl 2014), though cf (Bartos
et al. 2013)). Anisotropies in the ambient density can partially mimic the effects of mod-
ified theories of gravity; for example, a quadrupolar gravitational perturbation could be
sourced by the black hole or an external cluster density.
In this chapter we assess how well present and future measurements of stellar orbits
can constrain the black hole properties: its mass and particularly its spin. Specifically,
we use a Markov-Chain Monte Carlo code to compare real and synthetic astrometric and
radial velocity data with models for the stellar orbits and black hole mass, accounting
for differences in reference frame between different observational campaigns. Unlike pre-
vious investigations, our model includes leading order post Newtonian corrections to the
orbit from the black hole’s mass, spin, and quadrupole moment, as well as the impact
of unknown non-quadrupole internal and exterior potentials. Our goal is to determine
whether, despite the extremely low orbital velocity v/c ' 0.02, future measurements can
significantly constrain strong-field features of the galactic center black hole. We compare
our MCMC results against a detailed Fisher matrix analysis, both to validate our results
and allow the reader to easily extrapolate to future measurement scenarios.
This chapter is organized as follows. In Section 2.2 we review a simplified model
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for stellar dynamics near supermassive black holes (justified at length in Appendix 2.A);
introduce simplified and realistic models for the process of measuring stellar orbits, includ-
ing error; and review observations and theory of stellar and compact-object populations
near the galactic center. In Section 2.3 we describe two techniques to assess how well
measurements can constrain properties of stellar orbits and the supermassive black hole.
The first technique is a simplified, approximate Fisher matrix. The second method, which
provides definitive conclusions, uses detailed Markov-Chain Monte Carlo simulations of
synthetic data to determine how well different parameters can be measured and why.
After validating our procedure using analytically tractable toy models with a handful of
parameters, we perform full-scale simulations.Using plausible choices of parameters, we
discuss how the black hole spin and quadrupole moment can be measured. At its fun-
dament, our study relies on well-established foundations in the astronomical literature
on how to reconstruct stellar and planetary orbits from position measurements (astrom-
etry); from radial velocity measurements, most famously via the Hulse-Taylor binary
pulsar (Hulse & Taylor 1975); and from pulsar timing, including relativistic propagation
effects (Liu et al. 2012).
2.2 Statement of the problem
2.2.1 What do astronomers observe
There are observations of stellar orbits within 1 arc second of Galactic center in infrared
(Ghez et al. 2008; Gillessen et al. 2009). In this chapter, we are analyzing two data
references from Ghez’s (Ghez et al. 2008) and Gillessen’s (Gillessen et al. 2009) groups.
The motions of stars in the immediate vicinity of Sgr A* have been observed in infrared
bands by NTT/VLT since 1992 and by Keck telescope since 1995. The two data sets
we use are the Keck data from 1995 to 2007 and the VLT data from 1992 to 2009.
Massive young stars are found closely orbiting the black hole at the center of our Milky
Way. The locations of the stars, i.e., the astrometric positions, right ascensions (RA) and
declinations (DEC) are recorded at different epochs. Therefore, the two groups measured
12
the relative positions of stars to the radio source Sgr A*, i.e., the offsets of RA and
DEC. They also did spectroscopy from the observations of the star’s frequency spectra to
determine the radial velocities, i.e., the line of sight components of the velocities relative
the the observers, of a star at different epochs.
2.2.2 Simplified models of stellar orbits
The approximations involved in deriving and justifying our equations of motion are pro-
vided in Appendix 2.A. Neglecting the black hole’s recoil or the effect of ambient mate-
rial, each star’s position x evolves according to leading-order post-Newtonian equations
of motion (Will 2008; Merritt 2013; Will 1985)
a = −Mx
r3
+
Mx
r3
(4
M
r
− v2) + 4Mṙ
r2
v
−2J
r3
[2v × Ĵ− 3ṙn× Ĵ− 3n(L · Ĵ)/r]
+
3
2
Q2
r4
[5n(n · Ĵ)2 − 2(n · Ĵ)Ĵ− n] (2.2.1)
where v = ∂tx, a = ∂
2
t x are the (harmonic) coordinate velocity and acceleration; where
r = |x| is the coordinate distance from the black hole and n = x/r is a unit vector
pointing towards it; and where M,J,Q are the mass, spin angular momentum, and
quadrupole moment from the black hole. Equivalently, each particle evolves according to
a post-Newtonian Hamiltonian in (Tichy & Flanagan 2011); higher-order hamiltonians
that have been derived and exhaustively discussed in the post-Newtonian literature.
For the proof-of-concept analytic calculations described below, rather than work
with the full hamiltonian, following standard practice in celestial mechanics we sepa-
rate timescales by orbit-averaging. For analytic simplicity, we will furthermore treat all
perturbations at leading order, therefore performing an orbit average using a Newtonian
orbit; for example, at leading order an equatorial orbit has form r(t) = p/(1 + e cos Φ(t))
where p is a semilatus rectum. Using standard methods of celestial mechanics (Will
2008; Sadeghian & Will 2011), we find secular equations of motion for the orbit average
(〈X〉) of each star’s Newtonian orbital angular momentum LN ≡ µx× v and Newtonian
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Runge-Lenz vector AN ≡ µ2[v × (x× v)−GMn̂]:
∂t 〈LN〉 = ~Ω× 〈LN〉 (2.2.2)
∂t 〈AN〉 = ~Ω× 〈AN〉 (2.2.3)
~Ω = ~ΩS + ~ΩJ + ~ΩQ (2.2.4)
~ΩS = L̂N
AS
P
= L̂N
3
p(a/M)3/2
(2.2.5)
~ΩJ = [Ĵ − 3L̂(L̂ · Ĵ)]
AJ
P
= [Ĵ − 3L̂L̂ · Ĵ ] 2J/M
(Mp3)1/2(a/M)3/2
(2.2.6)
~ΩQ = −(Ĵ(Ĵ · L̂) +
1
2
L̂(1− 3(L̂ · Ĵ)2)AQ
P
AQ =
3
2
Q2
p2(a/M)3/2
(2.2.7)
where the expressions AS, AJ , AQ are provided as in (Will 2008) and as implicitly de-
fined above; see also (Iorio 2011) The factors AS, AJ , AQ are shown in Figure 3. These
orbit-averaged precession equations imply a straighforward procedure for the (linear)
perturbation due to Ω, starting from a Newtonian solution ~ro(t):
~r(t) ' R(t)~ro(t) (2.2.8)
where R(t) is the rotation generated by the (orbit-averaged) ~Ω. Specifically, again working
to first order in the orbit-averaged perturbations, the secular rotation R(t) on short
timescales is determined by the generators Lα of rotations:
R(t) ' 1− itLαΩα (2.2.9)
~r(t) ' ro(t)− itΩαLαro (2.2.10)
2.2.3 Relationship between real observation and theoretical model
In order to use real data to measure the parameters of the whole system, we have to
convert the measurements in the theoretical model in the Cartesian coordinates that
originated at the black hole center to the real observed data form, RA and DEC offsets
that are relative to Sgr A* in the Equatorial coordinate system which is centered at the
Earth.
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Figure 3 : Relative magnitude of different effects: A plot of different characteristic rates of change
for stellar orbits around supermassive black holes, versus semilatus rectum. Solid curves show analytic
results; dotted curves were derived from our time-domain evolution code, as validation. The solid green,
blue, an purple curves show AS , AJ , AQ implicitly defined in Eq. (2.2.2). The cyan curves show the
influence of an external quadrupolar potential from ambient stars at a distance of 30 kilo-masses of black
hole.
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We first generate the orbit of a star with our mixed Python/Fortran code, and get the
star’s orbital positions, ~rbhi = {xbhi , ybhi , zbhi }, in the black hole frame. Then we transformed
from a Cartesian coordinates that centered at Sgr A* to the Equatorial RA and Dec, or
in terms of components
xi = x
bh
i + d cosαbh sin δbh (2.2.11)
yi = y
bh
i + d sinαbh sin δbh (2.2.12)
zi = z
bh
i + d cos δbh (2.2.13)
where d is the distance from the Earth to the center of black hole, αbh and δbh are the RA
and DEC of the black hole, x axis points to the First Point of Aries, and z axis points
to the same direction as that in the black hole coordinates. The black hole Cartesian
coordinates and the Earth Cartesian coordinates are only a translation of their origins
described by ~d. Then we convert the positions of the star from the Cartesian coordinate
system that centers at the Earth to the Equatorial coordinate system,
αi = tan 2
−1 yi
xi
(2.2.14)
and
δi = sin
−1 zi√
x2i + y
2
i + z
2
i
(2.2.15)
where αi is zero in the x-axis direction, and increases to 2π along the celestial equator
counterclockwise as viewed from the North pole, and δi is zero in the celestial equator,
positive to the north and negative to the south of the celestial equator. We subtract from
{αi, δi} a reference position such as the astrometry position of Sgr A*, {α0, δ0}, and get
the observed RA and DEC offsets relative to Sgr A*, {∆αi,∆δi}, that are similar to those
in the real data, where ∆αi = αi − α0 and ∆δi = δi − δ0. Notice the position of Sgr A*
does not necessarily co-locate the center of the black hole. The difference between them
can be modeled as five parameters, including the relative position of the black hole to
the Sgr A*, ∆αbh and ∆δbh, and the uniform RA and DEC velocities and radial velocity,
{vαbh , vδbh , vr,bh}, of the black hole relative to the Sgr A*. The radial velocities of the
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stellar orbit are evaluated as vr,i = ~vi · r̂i, where r̂i = ~ri/ri are the unit vectors of line of
sight.
Based on our model, the following parameters are measured from the data: the six
orbital parameters of the star {a, e,Φ0, α, β, γ} (where a is semi-major axis, e is eccentric-
ity, Φ0 is the initial orbital phase at some moment, and the other three are Euler angles
following a z-x-z definition), the three black hole spin components ~J = {Jx, Jy, Jz}, the
mass of the black hole M , the position of the black hole relative to the Sgr A* (or any
reference for offsets measurements) {d,∆αbh,∆δbh} (where d is the distance from Sgr A*
to us and the other two indicate the black hole’s astronomical position), and the motion
of the black hole relative to the Sgr A* {vαbh , vδbh , vr,bh}. To test the no hair theorem, we
also use two more parameters, the quadrupole term, Q2, of black hole potential and the
quadrupole term QX due to the external potential of star clusters that extend between
40, 000M and 80, 000M to Sgr A*. Throughout the chapter everything is in the units of
M∗ = 4.00× 106M when we perform calculations.
2.3 Measuring parameters
2.3.1 Bayesian formalism
According to the Bayesian paradigm, a prior distribution p(~λ) is used to quantify our
knowledge about a set of unobservable parameters ~λ in a statistical model when no data
are available. We can update our prior knowledge using the conditional distribution of
parameters, given observed data, via the Bayes theorem. Suppose that the likelihood, or
the distribution of the data from an assumed model that depends on the parameter ~λ is
denoted by p(D|~λ), Bayes theorem updates the prior to the posterior by accounting for
the data,
p(~λ|D) = p(D|
~λ)p(~λ)
p(D)
(2.3.1)
where p(D) =
∫
p(D|~λ)p(~λ)d~λ is the evidence of the data and also a normalizing constant.
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To separate issues pertaining to measurements from physics from simplified models
of stellar orbits, we describe results using the real measurement scenario, where only the
angular offsets and radial velocity can be measured. [For comparison and to validate our
MCMC method, we also employ idealized theoretical measurement scenarios in Appendix
2.C.] This realistic measurement model accounts for all of the parameters described in
Section 2.2.3. The probability distribution of the data given parameters ~λ is
p({D}|~λ) =
N∆α∏
k
(2πσ2∆αk)
−1/2 exp− [∆α(tk|
~λ)−∆αk]2
2σ2∆αk
×
N∆δ∏
k
(2πσ2∆δk)
−1/2 exp− [∆δ(tk
~|λ)−∆δk]2
2σ2∆δk
×
Nvr∏
k
(2πσ2vr,k)
−1/2 exp− [vr(tk|
~λ)− vr,k]2
2σ2vr,k
(2.3.2)
where ∆α(tk|~λ) and ∆αk are the theoretical prediction of the RA offset and the real ob-
servation, respectively, at epoch tk; the notations are similar for the other two observables,
i.e., DEC offset and radial velocity; σ∆αk , σ∆δk , and σvr,k are measurement uncertainties
for the observation at tk. The number of measurements for the three observables are
denoted as N∆α, N∆δ, Nvr , respectively. In the equation above, we have assumed that
each measurement of each observable has a noise of Gaussian distribution.
In order to determine the best-fit parameters and their uncertainties we use a Markov
chain Monte Carlo (MCMC) analysis to sample the posterior distribution function in Eq.
(2.3.2). Specifically, we use an ensemble MCMC sampler named EMCEE (Goodman &
Weare 2010; Foreman-Mackey et al., 2011).
2.3.2 Fisher matrix
To better understand and validate our MCMC results, and to make efficient projections
about future hypothetical measurements, we perform a semi analytic calculation that
approximates the likelihood in Eq. (14) by a locally quadratic approximation. The
coefficient of the second-order term is known as the Fisher matrix.
The illustration of the mechanics of a Fisher matrix calculation is shown in Appendix
2.C by employing the idealized measurement model in Cartesian coordinates. For real
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observations, we can do the same by exploiting in the special case that the observed
data is exactly as predicted by some set of model parameters ~λ′ [i.e., ∆αk = ∆α(tk|~λ′),
∆δk = ∆δ(tk|~λ′), and vr,k = vr(tk|~λ′)]. Using a first-order Taylor series expansion
∆α(tk|~λ) − ∆α(tk|λ′) ' δλa∂∆α(tk)/∂λa for the RA offset ∆α versus parameters ~λ
(here λa are the elements of ~λ and same index a means contraction) and similar for the
other two observables, we find that the conditional probability of the data given ~λ can
be approximated by
ln p({D}|~λ) = const− 1
2
Γabδλaδλb (2.3.3)
Γab =
∑
k
[
Cλa,∆αkCλb,∆αk
σ2∆αk
+
Cλa,∆δkCλb,∆δk
σ2∆δk
+
Cλa,vr,kCλb,vr,k
σ2vr,k
]
(2.3.4)
where Γab is the Fisher matrix. For a parameter of two values λa and λ
′
a of δλa difference
that results in two orbits, the components in Eq.(2.3.4) for this parameter are
Cλa,∆αk ≡
∂∆α(tk)
∂λa
=
∆α(tk|λa)−∆α(tk|λ′a)
δλa
(2.3.5)
Cλa,∆δk ≡
∂∆δ(tk)
∂λa
=
∆δ(tk|λa)−∆δ(tk|λ′a)
δλa
(2.3.6)
Cλa,vr,k ≡
∂vr(tk)
∂λa
=
vr(tk|λa)− vr(tk|λ′a)
δλa
(2.3.7)
Having estimated the Fisher matrix and hence approximated p({D}|~λ) by a Gaussian,
we can further construct marginalized distributions for subset variables λA in ~λ = (λA, λa)
by integrating out the variables λa. In the gaussian limit, this integration implies the
marginalized distribution has a covariance matrix Γ̄AB given by
Γ̄AB = ΓAB − ΓAa[Γ−1]abΓbB (2.3.8)
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Because the second term is negative, the marginalized distribution is always wider: adding
additional uncertain degrees of freedom leads to less accurate measurements.
The Fisher matrix is a cross check for the parameter estimations obtained from
MCMC. Drawing in the best-fit parameters estimation, the Fisher matrix can give the
estimates of the uncertainties of parameters in a few seconds, whereas it takes MCMC a
couple of days in our problem. A Fisher matrix can also let us test how sensitively the
measurement accuracy and hypothesis tests depend on stellar parameters.
To illustrate the utility of the Fisher matrix in a concrete scenario, we consider a
synthetic stellar orbit similar to S2, which is a star that is located close to the radio
source Sagittarius A*, orbiting it with an orbital period of about 16 years. As described
in the Appendix using an analytic measurement model and as we verify numerically,
we can show that highly eccentric orbits with smaller pericenter distance provide the
best constraints on BH spin J , because with the same semi-major axis a more highly
eccentric orbit is closer to the BH and thus more impacted by the BH spin. This is
why S2 can provide more information (as is the case in our simulations) about the black
spin than what S102 can do for the same total observation time interval and the same
arrangement of measurements during that time interval even though S102 has a shorter
period and thus a smaller semi-major axis. We also point it out that if we have another
orbit similar to S2 and we observe both of them equally frequently and for the same
amount of time duration, we are expected to see an improvement of a factor of
√
2 in the
measurement uncertainty of black hole spin from Fisher matrix studies. We can make the
same conclusion if we observe S2 alone twice as often. The simulations in 2.4.2 utilized
this property. However, if we can not observe as often as needed to measure the black
hole spin, the solution would be either we improve the telescope performance or find a
closer star to the Galactic center.
2.3.3 Results on the real data
After testing the validity of our mixed Python/Fortran program using a highly idealized
measurement scenario (see Appendix 2.C.3), we use real observed data to measure the
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parameters of Galactic center orbit of S2 and the properties of the black hole as reported
elsewhere (Ghez et al. 2008; Gillessen et al. 2009). Our results agree with their work
within systematic and statistical errors. This shows that our program works well with
real observations and therefore the validity of using it is assured to calculate several
hypotheses in Section 2.4 with real data.
Keck S2 data (Ghez et al. 2008) are used to estimate the parameters assuming the
black hole is not free to move relative to us. The best-fit parameters and their uncertain-
ties are shown in Table 1. The black hole is assumed to be Schwartzchild.
VLT S2 data in (Gillessen et al. 2009) are also used to estimate the parameters, see
Table 1. The χ2 are about 200 and the reduced χ2 is about 1 for the number of degree
of freedom being 143, the degree of freedom of the data subtracted by the number of
parameters. Notice that for two measurements that were taken at the same time, the
mean of the two measurements of {∆αi,∆δi} is used as the measurement that happened
at that time and the larger error bars are used as the error bars of the observables.
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Table 1 : Orbital parameters for S2 and the black hole properties with Keck data and VLT data
Parameter (Symbol) [Unit] Keck best-fit VLT best-fit VLT best-fit w/o 2002
Semi major axis (a) [M∗] 2.45×104 ±440 2.636 ×104 ± 446 2.452×104 ± 594
Eccentricity (e) 0.9048 ±0.0038 0.8953±0.0040 0.9038 ±0.0060
Initial phase (Φ0) [radians] 3.178± 0.0029 3.031 ± 0.0032 3.038 ± 0.0040
Euler angle 1 (α) [radians] 0.268 ±0.008 0.186 ± 0.0076 0.227 ± 0.0136
Euler angle 2 (β) [radians] 1.464 ± 0.013 1.490 ± 0.016 1.444 ± 0.0252
Euler angle 3 (γ) [radians] 3.936 ±0.013 4.047 ± 0.012 4.030 ±0.0120
Distance (d) [kpc] 7.328 ± 0.017 8.422 ± 0.288 7.571 ±0.382
RA of BH (α0) [radians] 1.4166 ×10−8 ±4.42 ×10−9 4.99×10−9 ± 3.15 ×10−9 9.86 ×10−9 ±3.34×10−9
DEC of BH (δ0) [radians] -4.2962 ×10−8 ± 6.543×10−9 -1.84×10−8 ± 7.41×10−9 -1.575×10−8 ±1.026×10−8
Mass (M) [106M] 4.468 ± 0.236 4.492 ±0.244 3.624 ± 0.272
Spin (J) not sure not sure not sure
Reduced χ2 [1] 1.4 1.0 1.0
The table shows the estimation of the six parameters of S2 orbits and four parameters of the Galactic center black hole from Keck data
using our MCMC program. The best-fit parameters are consistent with Ghez’s and Gillessen’s analyses within 2σ and the uncertainties
are consistent. The second, third, and fourth rows are the best-fits of the parameters and their uncertainties with Keck data, VLT data,
and VLT data subtracted by its data in 2002 to compare with Keck data as Keck does not contain observations in 2002, respectively.
We point out the fact that the spin of the black hole is not testable with the two data sets. Here M∗ = 4× 106M is used as a scale of
black hole mass.
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2.4 Testing various Hypotheses
2.4.1 Bayesian hypothesis selection
We assume that the observed orbital data D to have arisen under one of the two hypotheses
H1 and H2 according to probability density P (D|H1) or P (D|H2) and for given prior
probabilities P (H1) and P (H2) = 1− P (H1), we obtain from Bayes’s theorem
P (Hi|D) =
P (D|Hi)P (Hi)
P (D|H1)P (H1) + P (D|H2)P (H2)
(2.4.1)
(i = 1, 2)
and
P (H1|D)
P (H2|D)
=
P (D|H1)
P (D|H2)
P (H1)
P (H2)
(2.4.2)
where we define the Bayes factor as
B12 =
P (D|H1)
P (D|H2)
(2.4.3)
When the two hypotheses are equally probable, the Bayes factor B12 is equal to the
posterior odds in favor of H1.
If for H1 and H2 we choose models M1 and M2 parametrised by model parameter
vectors θ1 and θ2, we then have to select between the two models using the Bayes factor,
B12 =
P (D|M1)
P (D|M2)
=
∫
P (θ1|M1)P (D|θ1,M1)dθ1∫
P (θ2|M2)P (D|θ2,M2)dθ2
(2.4.4)
where P (θ1|M1) is the prior probability distribution function of parameter vector θ1
in M1.
2.4.2 Does the Galactic center BH have spin
An intriguing question that has aroused perpetual interest is whether the Galactic center
black hole has spin. Working in the framework of GR, we choose the same parameter
vector for both non-spin (model M1) and spin (M2) models that address the S2 orbit
around the Galactic center black hole, i.e., θ1 = θ2 = {a, e,Φ0, α, β, γ, d, α0, δ0,M,J, Q},
and apply Bayesian statistics to answer the question.
Our models M1 and M2 are nested, i.e., M2 reduces to M1 when the spin J or dimen-
sionless spin χ = J/M2 acquires 0. For a smooth, marginalized posterior probability dis-
tribution P (J,M2|D) that has a maximum and is obtained from an MCMC sampling, we
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Figure 4 : The figure shows the marginalized posteriors of dimensionless spin χ = J/M2 with different
injected values χinj and their corresponding quadruple variables Q2 = −J2inj/M . The range of spin J
is [0,M2], where M = 1.15M∗ and M∗ = 4.0 × 106M. The measurement uncertainties {σ∆α = σ∆δ =
10 µas, σvr = 500 m/s} are the limit of GRAVITY at the distance of 8 kpc. The star has an S2-ish
orbit and is observed once per day for an entire orbit of 16 years.
define the 90% credible interval to be χ ∈ [χL, χH ] such that
∫ χH
χL
P (χ,M2|D)dχ = 0.90
with P (χL,M2|D) = P (χH ,M2|D). Because a symmetric 90% CI will always exclude
χ = 0, we also evaluate the Savage-Dickey ratio (the ratio of the posterior to the prior of
χ), which provides an estimate for the Bayes factor in favor of nonzero versus zero spin.
For Keck data of S2 up to 2008 in Table 3 in (Ghez et al. 2008) and VLT data up to 2009
in (Gillessen et al. 2009), respectively, we use our MCMC code to obtain their posteriors
for dimensionless spin χ and quadrupole term Q, and both of the posteriors are uniform
distributions. Notice that Q is treated as a variable, see more details in Section 2.4.3.
Therefore, we cannot say with any confidence that the Galactic center black hole has spin
with either data set.
What measurements of star S2 can allow us to constrain black hole spin? We assume
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Figure 5 : Peak value and 90% credible interval as a function of injected dimensionless spin χinj for
the best achievable measurement accuracies of GRAVITY using Galactic center orbits in the near future
with {σ∆α = σ∆δ = 10 µas, σvr = 500 m/s}. Dots show the maxima of posterior estimates of χ; bars
indicate the 90% confidence interval.
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some future achievable observation accuracy and use our code to conduct fake/virtual
observations of a star similar to S2 around a black hole similar to the Galactic Center
one with an injected spin value Jinj. We also assume that each measurement of the star
orbit, i.e., the three observables including two angular offsets and radial velocity, is a
Gaussian distribution in each observable. Then we use MCMC code to find the best fit
values and marginalized posterior distributions of the parameters, especially the black
hole spin, given the fake observed data, Df . The parameters we use for the black hole
are M = 4.6× 106 M = 1.15M∗ and d = 8.0 kpc which are determined by the observed
S2 orbit, the injected χ values are from 0.3 to 0.98. The orbit has a = 2.65 M∗, e =
0.8847,Φ0 = −0.1 (which corresponds to Aug, 2017 for S2, and assume that is when we
start the virtual observations) and three Euler angles that have the values of an S2 orbit.
The measurement accuracies are σ∆αi = σ∆δi = 10 µas and σvr,i = 500 m/s, which are the
limits of GRAVITY instrument (GRAVITY Collaboration 2017). We get from MCMC
the marginalized posterior P (χ,M2|Df ) for the fake observed data with that injected spin
value χinj. We then do the same for different injected values of black hole spin. Fig 4
shows the marginalized posteriors of spin χ for different injected values χinj. All of the
fake observations are conducted once per day for 830 weeks, or 16 years, about an entire
orbit.
From a marginalized posterior of black hole spin, 90% credible interval is calculated.
The same procedure is repeated for different injected spin values. Fig 5 shows the credible
interval of black hole spin as a function of injected spin value. Each bar is the 90% credible
interval that corresponds to an injected dimensionless spin χinj and the big round dot in
the bar is the best fit value of black hole spin for the observations of the orbit around the
injected spin.
The uncertainty of measuring spin is about ±0.3 at the 90% credible interval. If the
black hole has spin lower than 0.3 or higher than 0.7, then the maximum a posteriori
(MaP) spin will be offset from the true value both because of the noise in the orbital
data and also due to the edge effect of the Gaussian distribution of the posterior as
χ ∈ [0, 1]. Many people believe that the Galactic center black hole has a high spin due to
its accretion of matter of angular momentum and thus getting transferred to black hole
spin. This systematic offset suggests the MaP spin point estimate may be a misleading
summary statistic in the most astrophysically relevant scenario.
26
2.4.3 No-hair theorem
According to the black hole no-hair theorem, a black hole is completely characterized
by its mass M , angular momentum (or spin) J , and charge q. For an astrophysical
black hole which is electrically neutral, it is fully described by two quantities, M and
J . As a consequence, the quadrupole moment Q2 of its external spacetime is given by
Q2 = −J2/M . The quadrupole moment can cause the stellar orbits around the black hole
to precess, and the precession rate is on the order of µas for a highly eccentric orbit with
orbital period of years which makes it possible for us to use the stellar orbit data from the
modern infrared telescopes to test the no-hair theorem. In reality, there are perturbing
external quadrupole moments Qx (see Section II, V) due to the S star cluster, dark matter
halos, and intermediate-mass black holes that are close to the SMBH, etc. This should
also be taken into consideration. In this study, we employ the most optimistic possible
scenario, equivalent to perfect knowledge of any external tidal potential.
In order to test the no-hair theorem, we treat the quadrupole moment of the black
hole as an independent variable Q2 that does not rely on J and M . Now we have 13 + 1
parameters. By applying our MCMC program to the VLT orbital data of S2 we can
obtain the marginalized posterior probabilities of spin J and quadrupole moment Q2,
which are both flat distributions. This means current measurement accuracies and the
amount of existing data are not sufficient for us to draw a conclusion on no-hair theorem.
This is not surprising because we cannot even constrain spin yet.
What kind of observations of S2 will allow us to test the theorem in the future?
Similar to what we do in Section IV, C, we assume that the black hole spin has some
value (or injected value) and some direction, both of which are randomly chosen. We also
assume the measurement accuracies take certain achievable values within a few years,
specifically {σ∆α = σ∆δ = 10 µas, σvr = 500 m/s}, and use our program to generate fake
observed orbital data for an S2-ish star (same semi-major axis and eccentricity) around
our SMBH with the assumed injected spin. This simulates the real observation scenarios.
We virtually observe the S2-ish star once per day for 2000 weeks, which is nearly 40
years and about 2.5 orbits. We then use MCMC to obtain the marginalized posterior
probability for Q2. We do the same for other choices of assumed injected spin values. The
posteriors p(Q2) for different injected values of spin are all flat distributions. This means,
we cannot constrain the quadrupole term or the no-hair theorem even if we observe S2
once per day for 40 years with the observation accuracy limit of GRAVITY telescope.
This is mainly because the star is not close enough to the SMBH to be affected by the BH’s
quadrupole moments although its periapsis is at about 2500 M of SMBH. In order to use
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Figure 6 : The top figure shows the marginalized posteriors of quadrupole Q2 with different injected
values χinj and their corresponding injected quadruple values Q2,inj = −χ2injM3, where M = 1.2M∗.
The bottom figure shows the posteriors of dimensionless spin χ for different injected values of χ. The
measurement uncertainties are {σ∆α = σ∆δ = 10 µas, σvr = 500 m/s}. The star has an orbit that is
half the semi-major axis of S2 and the other parameters the same. It is observed once per week for an
entire orbit of 300 weeks.
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S2 to constrain quadrupole term Q2, we will have to improve our angular measurement
accuracy, compared to GRAVITY’s limits, by at least two orders of magnitude and the
radial velocity accuracy by one order of magnitude.
Since S2 with even GRAVITY will not work, what kind of star orbits do we need to
test the no-hair theorem then? We assume that we are lucky enough to find a star that
has half the semi-major axis of S2 ( 500 AU) and all the other parameters the same as
S2. This star has an orbital period of 285 weeks and we observe it once per week for
300 weeks in our simulation assuming that {σ∆α = σ∆δ = 10 µas, σvr = 0.5 km/s}. If
we injected different values of Q2 = −J2/M with J = χM2 and M = 1.2M∗ we can
measure the quadrupole moment Q2 as shown in Figure 6. In this figure, also plotted is
the measurement of χ for various injected values.
2.5 Conclusions
Three main results come out of this work. Firstly, we conclude that we are not able to
test the black hole spin and no-hair theorem with the current data from KECK and/or
VLT observations up to 2009. Moreover, with the current best measurement accuracies,
i.e., an angular accuracy of 40 µas and a radial velocity accuracy of 30 km/s, we are
neither able to tell whether the black hole spins even if we observe the orbit of S2 alone
once per week for 100 years, nor are we able to tell whether the no hair theorem is correct
if we observe S2 once per week for 400 years. The simulations for the above two cases
simply return the priors, where we use flat priors in the parameters J and Q2.
Secondly, we give the strategies of future observations of how to test black hole spin
with S2 observations.The strategies are based on future measurement accuracies. With
the future observation accuracies of GRAVITY telescope if it is to point at the Galactic
center, an angular accuracy of 10 µas and a radial velocity accuracy of 500 m/s, we can
test whether the black hole spins at 90% confidence if S2 is observed once per day for 16
years. However, we will still not be able to test the black hole no-hair theorem in 40 years
or 2.5 full orbits using GRAVITY’s measurement power with S2 as shown by another
simulation.
Thirdly, we show that in order to test no-hair theorem with GRAVITY’s resolution
we need to find a closer star, such as a star that is half the distance or closer to the
Galactic center and has other orbital parameters similar to that of S2 such that the
orbits can be influenced much more by the spin and the quadrupole term of the black
hole’s gravitational potential. If the semi-major axis of the star is half that of the S2
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and all other parameters the same, we can start to test whether no-hair theorem is valid
within 6 years of weekly observations.
We also want to point out that the quadrupole moment of the potential is due to that
of the black hole, but it could also due to the observed stellar structure in the vicinity of
Sgr A*, a dark matter halo or an intermediate mass black hole, which will be taken care
of in the future work.
Appendix 2.A Equations of motion
In this appendix, we point out that different properties of an ensemble of stellar orbits
probe different physics. For example, the orbit location probes different parts of the
potential: distant orbits preferentially probe an external potential while nearby orbits
probe the black hole. Similarly, different symmetry-breaking effects only occur from
certain physical processes; for example, spherically symmetric potentials cannot cause
the orbital plane to precess, while quadrupolar Newtonian potentials and frame dragging
cause an ensemble of orbits to evolve in distinctly different ways. By isolating these
symmetries and their impact on observations, we can easily model how a collection of
measurements of several stellar orbits can best constrain properties of the galactic center
environment.
In the text, we adopted simple approximations to general relativity at low post-
Newtonian order, neglecting many common factors like the mass ratio. Because orbital
perturbations we hope to identify are small, influences from small factors like mass ratio
(' 10−6) can be of similar order to the minute effects we seek to identify at targeted
separations. For this reason, in this section we carefully review relevant post-Newtonian
expressions, targeting typical separations (i.e., 10 year orbits) and post-Newtonian accu-
racy ideally comparable to the targeted astrometric resolution of µas/ yr at 8 kpc (i.e.,
' 0.2M/ yr, or ∆v/c ' 10−7).
Post-Newtonian theory for binary and N-body motion is well-developed; see (Mer-
ritt 2013) for a review in the context of stellar orbits around supermassive black holes;
(Apostolatos et al. 1994) for a discussion of orbit-averaged spin-precession; and (Blanchet
2013), (Will 1985) for technically sophisticated and highly detailed discussions in general
and for binary motion, specifically.
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2.A.1 Post-Newtonian Two-body equations of motion
Working to v2 (1PN) beyond Newtonian order in velocity and leading-order in spin-orbit
coupling, the post-Newtonian Lagrangian for two-body motion has the form (Merritt
2013)
L = ηM
[
1
2
v2 +
GM
r
+
1
8
(1− 3η)v4 + GM
2r
(3 + η)v2 + ηṙ2 − GM
r
]
+ Lspin + Lquad(2.A.1)
using units with c = 1 for simplicity. Here Lspin and Lquad terms are due to black hole spin
and quadrupole moment. This Lagrangian corresponds to the Hamiltonian (Buonanno
et al. 2006)
H = µ[HN +H1PN +HSO] (2.A.2)
HN =
p2
2
− M
r
(2.A.3)
H1PN =
1
8
(3η − 1)p4 − 1
2
((3 + η)p2 + ηp2r)
M
r
+
M2
2r2
(2.A.4)
HSO = 2
LN/µ · J
r3
(2.A.5)
These approximations, plus the limit η → 0, reproduce the equations of motion adopted
in the text. These Hamiltonian expressions also enable straightforward derivation of the
orbit-averaged precession equations. As a concrete example, the contribution of black hole
spin to the orbit-averaged precession equations for LN , AN follow from the Lie algebra
(∂tLa)SO = {La, HSO} =
2εabcJbLc
r3
(2.A.6)
(∂tAa)SO = {(p× L−Mr̂)a, HSO} = {(p× L−Mr̂)a,
1
r3
}(2 ~J · ~L) + {(p× L−Mr̂)a, Ld}2Jd/r3
= −3εabcrbLc
r5
(2 ~J · ~L) + εabc
2Jb
r3
Ac (2.A.7)
using {La, Vb} = εabcVc for any vector V rotating with L (here, ~L, ~p, ~r). Both orbit
averages can be performed trivially, substituting ~r = p(x̂ cos θ + ŷ sin θ)/(1 + e cos θ) and
dt = dθL/r2 for the special case ~A = ex̂; we find〈
r−3
〉
=
2π
P
M
p3
(2.A.8)〈
r cos θr−5
〉
=
2π
P
eM
p3
(2.A.9)
Critically, the second term does not orbit-average to zero. We therefore find
〈(∂tA)SO〉 =
2M
p3
[
~J − 3( ~J · L̂)L̂
]
× A (2.A.10)
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Are these approximations adequate? First and foremost, as emphasized in the text,
most post-Newtonian and mass ratio effects do not break symmetry in a way that can
be confused with the influence of precession: even if they did matter quantitatively, they
wouldn’t matter qualitatively. Second, for a single star, the back-reaction of the star on
the BH’s orbit is small at typical high mass ratio (η ' 10−6); the leading-order effect is
purely Newtonian, corresponding to orbits around the center of mass; and higher-order
PN effects are suppressed by O(v2) ' M/r ' 102 − 103. For a single star, the finite
mass ratio is a minute perturbation at separations where precession can be measured
astrometrically; see 3.
As emphasized in the text, however, this modification does not break symmetry and
therefore does not significantly influence the quantitative accuracy to which precession-
induced modulations can be measured.
2.A.2 Post-Newtonian N-body equations of motion
When many bodies are included, we must carefully account for the often significant
perturbations from neighboring stars, as well as the collectively weakly significant reaction
of the black hole to the ambient stellar potential.
Finally, the BH spin will precess to conserve total angular momentum as the stars
precess (Merritt 2013) due to Lens-Thirring effects, as well due to the ambient gravita-
tional potential (Han, W.-B 2014). As the spin precesses, the leading-order spin-orbit
precession will be modulated, an effect that can be comparable to quadrupolar precession
effects from the central supermassive black hole.
Appendix 2.B Fisher matrix for Newtonian orbits
To constrain properties of the galactic center, we must first identify the Newtonian orbit.
In this section we review how to calculate the Fisher matrix for Newtonian orbital param-
eters using our toy-model likelihood equation for special cases and in relative generality.
2.B.1 Fisher matrix for Keplerian orbits
In the discussion above, we adopted as coordinates the initial velocity and position.
This choice of coordinates is particularly compatible with our equations of motion and
subsequent analytic calculations (e.g., including non-Newtonian perturbations). While
straightforward for brute-force calculations, the above approach is rarely analytically
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tractable. Alternatively, the perturbed orbit ∆r can be reduced to (a) changes of a, e and
the Newtonian orbital phase Φo and (b) changes in the orientation of the orbit. Using
the chain rule, we can build up the total perturbation as a additive contributions from
both factors, each individually simple and particularly tractable in suitable coordinates.
Specifically, using as coordinates the orientation of the orbital frame (3 parameters)
as well as a, e,Φo (3 parameters), we can express
∆~r(t) = ~Ca(t)∆a+ ~Ce∆e+ ~CΦ∆Φo + (−iLβ~r)∆Θβ (2.B.1)
where Cα,X for α = x, y, z are the Cartesian components of the vectors ~CX and where
∆Θβ is a small (constant) rotation vector and Lα are the generators of rotations. As a
concrete example, for circular orbits ~r = a(cos ΩN tx̂+ sin ΩN tŷ)
~Ca = r̂ +
∂ΩN
∂a
tav̂ (2.B.2)
~CΦ = av̂ (2.B.3)
~Ce = 0.5a{[−3 + cos(2ΩN t)]x̂+ sin(2ΩN t)ŷ} (2.B.4)
−iLx~r = [ŷẑ − ẑŷ]ab~rb = −aẑ(r̂ · ŷ) (2.B.5)
−iLy~r = [−x̂ẑ + ẑx̂]ab~rb = aẑ(r̂ · x̂) (2.B.6)
−iLz~r = [x̂ŷ − ŷx̂]ab~rb = ax̂(r̂ · ŷ)− aŷ(r̂ · x̂) = −av̂ (2.B.7)
and rotations around z are degenerate with the change in orbital reference phase Φo.
In terms of these coordinates, the Fisher matrix for the idealized measurements in Eq.
(2.C.1) can be expressed in the particularly analytically tractable form
Γαβ =
N
σ2r

∫
dt
T
∑
bCb,aCb,a
∫
dt
T
∑
bCb,aCb,e
∫
dt
T
∑
bCb,aCb,Φ
∫
dt
T
∑
bCb,a[−iLβ~r]b∫
dt
T
∑
bCb,eCb,a
∫
dt
T
∑
bCb,eCb,e
∫
dt
T
∑
bCb,eCb,Φ
∫
dt
T
∑
bCb,e[−iLβ~r]b∫
dt
T
∑
bCb,ΦCb,a
∫
dt
T
∑
bCb,eCb,Φ
∫
dt
T
∑
bCb,ΦCb,Φ
∫
dt
T
∑
bCb,e[−iLβ~r]b∫
dt
T
∑
bCb,a[−iLβ~r]b
∫
dt
T
∑
bCb,e[−iLβ~r]b
∫
dt
T
∑
bCb,Φ[−iLβ~r]b
∫
dt
T
[Lα~r] · [Lβ~r]

(2.B.8)
We confirm this representation reproduces the results provided above. Being analyti-
cally tractable even for eccentric orbits, this general form is particularly well-suited to
marginalization via Eq. (2.3.8).
For circular orbits, the expressions involved can be approximately evaluated, using
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the following rules
〈r̂ar̂b〉 =
1
2
[δab − L̂aL̂b] (2.B.9)
〈v̂av̂b〉 =
1
2
[δab − L̂aL̂b] (2.B.10)
〈r̂av̂b〉 = 0 (2.B.11)
and by appplying these rules, we find
Γaa =
N
σ2r
∫
dt
T
∑
b
Cb,aCb,a =
N
σ2r
∫
dt
T
(1 + t2a2(∂ΩN/∂a)
2) (2.B.12)
ΓΦΦ =
Na2
σ2r
(2.B.13)
Γee =
5Na2
2σ2r
(2.B.14)
Γae = 0 (2.B.15)
ΓaΦ = ΓaΘz =
N
σ2r
∫
dt
T
ta2(∂ΩN/∂a) (2.B.16)
ΓeΦ = 0 (2.B.17)
ΓΘxa = ΓΘya = ΓΘye = ΓΘye = ΓΘyΦ = ΓΘyΦ = 0 (2.B.18)
ΓΘxΘx = ΓΘyΘy =
Na2
2σ2r
(2.B.19)
ΓΘyΘy =
Na2
σ2r
(2.B.20)
ΓΦΘz = −
Na2
σ2r
(2.B.21)
The terms in this circular-orbit Fisher matrix have qualitatively different behavior. On
the one hand, changes in the orbital period (a) lead to significant, increasing dephasing
across multiple orbits; as a result, the orbital radius can be measured with high accuracy,
increasing rapidly as the measurement interval increases [Γaa ∝ (ωt)2N(a/σr)2]. By
contrast, all other changes in a circular orbit are geometrical, producing small or variable
separations. While our ability to measure these parameters also increases with the number
of measurements (∝ N ∝ T ), the accuracy to which these parameters can be measured
is significantly smaller. Finally, the circular-orbit Fisher matrix decomposes trivially into
diagonal terms (almost all) plus one 2 × 2 block (ln a,Φ); this nearly-degenerate 2 × 2
block can be trivially diagonalized
Γab =
Na2
σ2r
1 + T 23 a(∂aΩ)2 T2 a(∂aΩ)
T
2
a(∂aΩ) a
2
 = Na2
σ2r
1 + 34Φ2orb −98Φorb
−9
8
Φorb
9
4
Φ2orb
 (2.B.22)
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using Ta∂aΩN = −3Φorb/2 for Φorb = ΩN t the orbital phase. The relative significance of
the two terms depends on how many orbital cycles have occurred.
2.B.2 Unknown black hole mass
Adding additional parameters, like the black hole mass, is straightforward:
∆~r(t) =
∑
A
~Cλ∆λ (2.B.23)
For circular orbits, the effect of a perturbed black hole mass is very similar to a per-
turbed orbital separation, producing a significant dephasing with time without any (small)
change in position:
~CM =
∂ΩN
∂M
tav̂ (2.B.24)
Because the Newtonian orbital period only depends on
√
M/a3, these two parameters
are nearly degenerate in the Fisher matrix: we can only measure one combination (the
orbital period!) reliably. Marginalizing out the unknown orbital radius a, we find the
Fisher matrix for black hole parameters does not depend as sensitively on the stellar
mass. For circular orbits specifically, all parameters except M,a,Φ separate, allowing us
to marginalize only a 3-dimensional matrix
ΓMM =
Na2t2
3σ2r
(
∂ΩN
∂M
)2
(2.B.25)
2.B.3 Unknown black hole spin
The black hole spin enters via ~Ω in a particularly simple way at leading order: ∂Ωα/∂Jβ =
δαβZJ . For example, the Fisher matrix over J components has the form
Γαβ =
N
σ2r
∫
dt
T
∂Ωa
∂Jα
∂Ωb
∂Jβ
〈
t2[Laro] · [Lbro]
〉
(2.B.26)
' N
σ2r
∂Ωa
∂Jα
∂Ωb
∂Jβ
T 2
3
Tr[LaILTb ] (2.B.27)
' NZ
2
JT
2
3σ2r
∫ P
0
dt
P
Tr[LaILTb ] (2.B.28)
=
NZ2JT
2[a(1− e2)]4
3σ2rPL
Tr[La(A1x̂x̂+ (A2 − A1)ŷŷ)LTb ] (2.B.29)
where
A1 ≡
∫ 2π
0
dθ
cos2 θ
(1 + e cos θ)4
=
(1 + 4e2)π
(1− e2)7/2 (2.B.30)
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and
A2 ≡
∫ 2π
0
dθ
1
(1 + e cos θ)4
=
(2 + 3e2)π
(1− e2)7/2 (2.B.31)
Both integrals can be performed analytically when T/P is an integer; in this special case
we find
A2 '
T
P
∫ 2π
0
dθ
1
(1 + e cos θ)4
= 2πT/P
(1 + 3
2
e2)
(1− e2)7/2 (2.B.32)
A1 = πT/P
1 + 4e2
(1− e2)7/2 (2.B.33)
Using the explicit form of the generators L in this frame, we find
Tr[La(A1x̂x̂+ (A2 − A1)ŷŷ)LTb ] =

A2 − A1 0 0
0 A1 0
0 0 A2
 (2.B.34)
The ΓJaJb is then a coefficient times a matrix
ΓJaJb =
2NT 2(1− e2)1/2
3πσ2ra
4

A2 − A1 0 0
0 A1 0
0 0 A2
 (2.B.35)
ΓaJx =
4πNT 2
σ2ra
5
Tr[(JxLx + JyL† + JzLz)[x̂x̂+ ŷŷ]LTx ] (2.B.36)
ΓaJy =
4πNT 2
σ2ra
5
Tr[(JxLx + JyL† + JzLz)[x̂x̂+ ŷŷ]LTy ] (2.B.37)
ΓaJz =
−8πNT 2
σ2ra
5
Tr[(JxLx + JyL† + JzLz)[x̂x̂+ ŷŷ]LTz ] (2.B.38)
ΓeJx = ΓeJy = 0 (2.B.39)
ΓeJz =
NT
σ2ra
(2.B.40)
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ΓΦ0Jx = ΓΦ0Jy = ΓΦ0Jz = 0 (2.B.41)
ΓΘxJx =
NT
2πσ2ra
Tr[Lx[A1x̂x̂+ (A2 − A1)ŷŷ]LTx ] (2.B.42)
ΓΘyJy =
NT
2πσ2ra
Tr[Ly[A1x̂x̂+ (A2 − A1)ŷŷ]LTy ] (2.B.43)
ΓΘzJz =
−NT
2πσ2ra
Tr[Lz[A1x̂x̂+ (A2 − A1)ŷŷ]LTz ] (2.B.44)
Appendix 2.C Likelihood and MCMC
2.C.1 Bayesian formalism
To separate issues pertaining to measurement from physics from dynamics, we describe
results using three measurement scenarios: (a) an idealized model, where the position or
velocity of each star can be measured at known times, as if via an array of local observers
surrounding the black hole; (b) a plausible model, where only the radial velocity and
transverse angle can be measured, on known null rays; and (c) a model for pulsar timing.
Specifically, our first measurement model assumes each star’s position ~rα is measured
to be ~xα,k on times tk with measurement error σr. We will henceforth use greek subscripts
α to index stars or parameters; small roman subscripts like k to index measurements;
and large roman symbols to denote vector components. Since local measurements are
performed, the distance to the black hole (and astrometry) do not enter into the analysis.
For this model, the probability distribution of the data is
p({d}|λ) = (2πσ2r)−3N/2 exp−
∑
α,k
(~rα(tk|λ)− ~xk)2
2σ2r
(2.C.1)
Because of its simplicity, we will use this analytically trivial model when illustrating how
physics break degeneracies.
A more realistic measurement model accounts for the unknown distance to the galac-
tic center; the unknown mass of the galactic center black hole; and the fact that only
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projected sky positions ~θk and radial velocities vr,k can be measured. For this model, the
probability distribution of the data are
p({d}|λ) = (2πσ2θ)−2N/2 exp−
∑
α,k
(P⊥~rα(tk|λ)− ~θkR)2
2σ2θ
× (2πσ2v)−N/2 exp−
∑
α,k
(N̂ · ∂t~rα(tk|λ)− vN)2
2σ2v
(2.C.2)
combined with a prior for R, the distance to the galactic center. A more realistic model
still accounts for light propagation time across the stellar orbit (Zhang et al. 2015); light
bending near the black hole; note we are in harmonic coordinates; higher order terms in
the doppler equation (Zucker & Alexander 2007; Zucker et al. 2006)
Finally, the orbit of a pulsar around a black hole can be reconstructed by timing.
Pulsar timing corresponds to fitting a model to pulse arrival times, to insure they arrive
in regular intervals in the source frame. Roughly speaking, the model corresponds to
fitting the proper time of the pulsar’s orbit, which can be measured to some accuracy.
2.C.2 Fisher matrix
To illustrate the mechanics of a Fisher matrix calculation, we employ the idealized mea-
surement model of Eq. (2.C.1) in the special case that the observed data is exactly as
predicted by some set of model parameters λ′ [i.e., ~xk = ~r(tk|λ′)]. Using a first-order
Taylor series expansion ~r(tk|λ)−~r(tk|λ′) ' δλb∂~r/∂λb for the position versus parameters
λ, we find the conditional probability of the data given λ can be approximated by
ln p({d}|λ) = const− 1
2
Γabδλaδλb (2.C.3)
Γab =
∑
α,k
1
σ2r
∂~rα
∂λa
∂~rα
∂λb
(2.C.4)
This expression applies in general, no matter how the solution r(t) is solved or approxi-
mated. By using an approximate analytic solution – the orbit-averaged secular solution
[Eq. (2.2.10)] – we can estimate the accuracy to which parameters can be measured using
a simple orbit average over a Newtonian solution. For example, for parameters λ which do
not appear in the unperturbed Newtonian solution, like the black hole spin J or external
potential, the Fisher matrix takes the form
Γab =
∑
k
t2k
σ2r
∂ΩA
∂λa
∂ΩB
∂λb
(−iLA~ro(tk))C(−iLB~ro(tk))C (2.C.5)
In fact, as a first approximation, these components of Fisher matrix can be approximated
using the orbit’s moment of inertia Iab,N = 〈r0,ar0,b〉:
Γab ' t
3
3N
∂ΩA
∂λa
Tr[(−iLA)I(−iLA)T ] (2.C.6)
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Having estimated the Fisher matrix and hence approximated p({d}|λ) by a gaussian, we
can further construct marginalized distributions for λA in λ = (λA, λa) by integrating out
the variables λa.
2.C.3 Toy model: tests in ~r using MCMC
We show that MCMC and numerical and analytic Fisher agree via toy models: As a
concrete example, in the Cartesian coordinates with its origin at the black hole cen-
ter, {xi, yi, zi} as the observables, we model a Newtonian circular orbit with parameters
a, e,Φ0, α, β, and an elliptical orbit with a, e,Φ0, α, β, γ, Jx, Jy, Jz. Figure 7 shows the
results of measuring the semi-major axis of a circular orbit, treating only the semi-major
axis as uncertain and treating all orbital parameters as uncertain. It also shows the
results of measuring the magnitude of black spin.
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Figure 7 : Measuring properties of an orbit and a BH: circular orbits: Top panel : Demonstration of how
accurately a Newtonian circular orbits’ radius can be measured, assuming the only unknown parameter
is the orbital radius (black) and assuming no parameters are known (blue). For comparison, the dotted
curves show the results of our Fisher matrix calculations. This figure uses simplified measurement model
of Eq. (2.C.1), with a = 2800M,N = 700, σr = 1.0M, e = 0.01, T = 100 weeks,∆t = 1 day. Bottom
panel : Demonstration of how accurately the black hole spin J can be measured, assuming the only
unknown parameter is the black hole spin magnitude χ = J/M2 and assuming both the orbit and black
hole spin vector are unknown (blue). Evaluated using the same initial parameters as above, except
σr = 0.1M and evolved according to Eq. (2.2.1).
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Chapter 3
Testing Chameleon Field Theory
with Cepheids in Extragalactic
Dwarf Galaxies
3.1 Introduction
3.1.1 History of the Problem
Einstein’s theory of general relativity (GR) has been tested on the scales ranging from
millimeter to the solar system (Will 2005). The spectacular discovery of the acceleration
of the Universe fifteen years ago has motivated modified theories of gravity (MG) on large
scales such as galactic and cosmological scales.
These attempts introduce a new scalar degree of freedom that is active on large scales
but is screened on small scales to match experiments (Hui et al. 2009). One of them is
called chameleon field that couples non-minimally to matter via a universal fifth force
and leads to enhancements of the gravitational force (Jain et al. 2012), which is also cited
as JVS in this dissertation. Through self-interactions and coupling to matter, chameleons
have a mass that depends on the local matter density. This force is suppressed in high
potential regions (screen) and not suppressed in low potential regions (unscreened).
The screening mechanism implies that modified gravity exist where Newtonian gravity
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is weak. Viable screening theories make remarkable predictions aiming at testing the
fundamental nature of gravity on a wide range of scales (Chang & Hui 2011, Khoury
2013). The oscillations of cepheids may exhibit the effects of MG, e.g., the changes in
their pulsation frequencies (Jain et al. 2012, Sakstein 2013).
3.1.2 Chameleon Field Theory
There are two parameters in the chameleon field theory. One is φ∗ which determines
when the force is screened. If the magnitude of the Newtonian potential ΦN  φ∗, then
the object will be unscreened, otherwise the body will be screened. φ∗ > 10
−6 is ruled
out observationally from the potential of the Sun and that of the Milky Way, both of
which are about 2× 10−6.
The other parameter is αc that sets the strength of the fifth force in unscreened
regions. A completely unscreened object will feel a fifth force that is proportional to the
Newtonian gravitational force and the combined force results in a rescaling of Newton’s
constant G (Jain et al. 2012)
G(r) = G(1 + αc) (3.1.1)
For a partially screened object, the total force in the region exterior to the screening
radius rs can be described by a position dependent rescaling of G (Jain et al. (2012))
G(r) = G
[
1 + αc
(
1− M(rs)
M(r)
)]
, M(r) > M(rs) (3.1.2)
where M(rs) is the mass interior to the screening radius rs, and M(r) is the mass interior
to radius r.
3.1.3 Cepheid Pulsations in GR
Cepheids are massive variable stars whose strong direct relation between their luminosities
L and pulsation periods P secures their status as important standard candles for estab-
lishing the Galactic and extragalactic distance scales. Stars that have masses M > 3M
cross the Cepheid instability strip, a nearly vertical region that is determined by a star’s
surface effective temperature Teff = 6000 K. While in the instability strip, a Cepheid’s
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luminosity and radius oscillate with periods on the order of days to months. Observed
Cepheids are typically 6M to 8M stars.
Stars can cross the instability strip multiple times, see Figure 9, which shows the post
main sequence evoluation of stars. The first crossing of the instability strip is before the
star goes up the red giant branch. The second crossing of the instability strip is the first
crossing after the tip of the red giant branch when the star is on the lower part of the
blue loop. And the third crossing is when it is on the upper part of the blue loop. The
second and third crossings of the strip, are probably where Cepheids properties are best
understood.
The chapter is organized as follows: In Section 3.2 we introduce the methods we use to
calculate the pulsations of Cepheids in both GR and MG. In Section 3.3, we demonstrate
the period-temperature relationships of Cepheids obtained with our pulsation frequency
solver from the MESA data. This is done in the regime of both GR and MG. We also
compare our results with the JVS ansatz. In Section 3.4, we discuss the results and
implications to constraints on modified gravity, and summarize the findings we make and
list the future work.
3.2 Methods
3.2.1 Building Stars in Chameleon Gravity
We use the stellar evolution code MESA (Paxton et al. 2010) to account for the chameleon
scalar field changes to the local gravity and calculate stellar evolutions under these con-
ditions (Chang & Hui 2011). While the scalar field modifies many different aspects of
stellar evolution, we focus on the Cepheids in the instability strips because the pulsating
frequencies can be measured in distant galaxies. We calculate the pulsation periods of
a Cepheid variable star at different surface effective temperatures Teff using the stellar
structure calculated by modified MESA.
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3.2.2 Radial Pulsations in Chameleon Gravity
In this section we describe the matrix method for obtaining numerical solutions to the
linear adiabatic wave equation (LAWE) for arbitary equilibrium stellar models, see Ap-
pendix 3.A for details, and test the validity of the method with numerical implementations
for certain selected stellar models with known analytic solutions.
We define Xi ≡ δriri to rewrite Eq. (3.A.4) for ri+ 12  dr = (ri+1 − ri) as
ω2Xi = AiXi−1 +BiXi + CiXi+1 (3.2.1)
where
Ai =
4πri
DMi
Γ1,i− 1
2
Pi− 1
2
(
3
2
−
ri− 1
2
ri − ri−1
)
(3.2.2)
Bi = −
4Gimi
r3i
+
4πri
DMi
[
Γ1,i− 1
2
Pi− 1
2
(
3
2
+
ri− 1
2
ri − ri−1
)
− Γ1,i+ 1
2
Pi+ 1
2
(
3
2
−
ri+ 1
2
ri+1 − ri
)]
(3.2.3)
Ci = −
[
4πri
DMi
Γ1,i+ 1
2
Pi+ 1
2
(
3
2
+
ri+ 1
2
ri+1 − ri
)]
(3.2.4)
We use the boundary conditions, δP = 0, to get BJ ,
BJ =
GJMJ
r3J
[
−4 + Γ1,J
(
3
2
+
rJ− 1
2
rJ − rJ−1
)]
(3.2.5)
and AJ
AJ =
GJMJ
r3J
Γ1,J
(
3
2
−
rJ− 1
2
rJ − rJ−1
)
(3.2.6)
The matrix, written as Eq. (3.A.12), is solved numerically for the eigenvalues. The
square root of the lowest eigenvalue, ω20, is the fundamental pulsating frequency of the
Cepheid; the second lowest, ω21, is the first overtone, and so on.
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We test our code by using polytropes with known analytic frequencies. We also
compare the oscillating frequencies of Cepheids with the results using GYRE (Townsend
& Teitler 2013), and the differences of the results between their code and ours for the
first three eigenmodes are less than 0.01% for the same profile of a 6M Cepheid at
Teff = 6000 K.
3.3 Results
3.3.1 Stellar Structures in GR and MG
The scalar field can modify the structure of a Cepheid star during its stellar evolution.
The change in effective G is given by
∆G = <G>−G (3.3.1)
where G is the Newtonian gravitational constant and <G> is given by averaging G(r)
with Jain et al. (2012)
<G> =
1
R
∫ R
0
G(r)dr (3.3.2)
.
Table 2 shows the changes in effective G by chameleon fields that have different values
of field parameters αc and φ∗. The larger the αc and φ∗ are, the more the chameleons
affect the rescaling of gravity.
Figure 8 shows the distributions of effective gravitational constant G(r) inside
Cepheids of 6M at effective temperature Teff ≈ 6000K. Each line is a profile of G(r)
of a Cepheid that has a metallicity of either Z = 0.002 or Z = 0.02. The radii of the
Cepheids are scaled to 1.
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Table 2 : The changes in effective G for different values of parameters αc and φ∗ for a 6M Cepheid at
Teff ≈ 6000K on the third crossing.
αc φ∗ ∆G/G
1/3 10−8 0.0024
1/3 10−7 0.022
1/3 10−6 0.17
1 10−8 0.0072
Figure 8 : The profiles of effective gravitational constant G(r) for stars of 6M at Teff ≈ 6000K. The
solid lines have metallicity Z = 0.002 and the dashed line has Z = 0.02. They are a third crossing
Cepheids for Z = 0.002 and φ∗ = 10
−6 and a first crossing Cepheid for Z = 0.02 because they do not
have the second crossings. The rest are second crossing Cepheids with Z = 0.002.
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Figure 9 : The post-main sequence HR diagram (L-Teff) for stars of masses 5M (green), 6M (blue),
8M (purple), and 10M (red) in both GR (dashed lines) ad MG (solid lines) regimes. The chameleon
field is αc =
1
3 and φ∗ = 10
−7.
3.3.2 Eigenmodes of a Cepheid in GR and MG
Chameleon scalar fields, compared to GR, can change the eigenmodes of a Cepheid.
Figure 10 shows for a a 6M Cepheid the change in unperturbed radius, ξ = dr/r0, as a
function of radius that is scaled to one, and also the fundamental modes, first overtones,
and second overtones of a Cepheid in different scalar fields (αc =
1
3
and φ∗ = 10
−8,
φ∗ = 10
−7, and φ∗ = 10
−6, respectively) at effective temperature Teff ≈ 5900K.
The effects of a chameleon scalar field on Cepheids’ pulsation periods can be used to
constrain the values of chameleon fields because period is a property of a Cepheid that
can be measured accurately. We will discuss this in detail in Subsections 3.3.3 and 3.3.4.
3.3.3 Comparison with JVS ansatz
We compare our calculations of the Cepheids’ oscillation frequencies with the ansatz given
by JVS (Jain et al. 2012). Their ansatz states that the relation between the change in
pulsation period and the modified is
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Figure 10 : The change in unperturbed radius, ξ = dr/r0, of a 6M Cepheid as a function of radius and
eigenmodes of Cepheids with metallicity Z = 0.002 in different chameleon fields, where αc =
1
3 and φ∗
varies. The stars on the top panel are at Teff ≈ 5900K and the ones on the bottom panel (commented
out in the draft) are at Teff ≈ 6200K. The dotted, dashed, and solid lines correspond to φ∗ = 10−8,
φ∗ = 10
−7, and φ∗ = 10
−6, respectively. The blue, purple, and green lines are foundamental modes, first
overtones, and second overtones, respectively. The second and third crossings of instability strips are
within the range of 3.73 < log Teff < 3.83 or 5370K < Teff < 6760K.
∆Π
Π
= −1
2
∆G
G
(3.3.3)
where Π is the pulsating period of a Cepheid star, and ∆G is defined in Eq. 3.3.1.
Figure 11 shows the ratio of the change in fundamental period of a Cepheid due to
a chameleon field to that without chameleon fields, ∆Π/ΠGR, as a function of effective
temperature of the Cepheid along its stellar evolution. The solid lines show our results
while the dashed lines show the predictions from JVS’s ansatz. Each subfigure shows this
relation in a different chameleon field. From the top to bottom, the three scalar fields all
have αc =
1
3
, but φ∗ = 10
−8, 10−7, 10−6, respectively. In this figure the Cepheids have
metallicity Z = 0.002. We can see that the first two chameleon fields make a Cepheid
star in the mass range 5M to 10M oscillate more quickly by 4% to 15%, depending on
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Figure 11 : The change in fundamental period ∆Π/ΠGR versus Teff relations for stars of 5M, 6M,
8M, and 10M with αc =
1
3 . Metallicity Z = 0.002 unless specified. The top figure has φ∗ = 10
−8,
the middle figure has φ∗ = 10
−7, and the bottom figure has φ∗ = 10
−6. Solid lines are our MG results
and dashed lines are plotted from JVS ansatz. The Cepheids in the first two subfigures are all at second
crossings and in the third one are at the third crossings. In the second subfigure, the difference ∆Π are
between Z = 0.004 and z = 0.002 in GR for the two dotted lines.
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the mass and the temperature of the star and the scalar field it is in, whereas the third
chameleon field speeds up the fundamental pulsations of a Cepheid by 12% to 45%.
We can note that the absolute values of the changes in fundamental modes due to
the three scalar fields from our numerical calculations are a factor of 3 or 4 more than
those predicted by JVS’s ansatz for all stellar masses and temperatures. Moreover, we
predict faster pulsations due to the first two scalars fields and slower pulsations due to
the third scalar field, whereas they predict faster pulsations for all three scalar fields.
The transition happens when 10−7 < φ∗ < 10
−6 and αc =
1
3
. However, since the third
scalar field is ruled out, the negative sign in Eq. 3.3.3 still holds in the regions where
chameleons possibly exist.
3.3.4 Effects of metallicity
Figure 12 : The dependence of ∆Π1Π0 /(
Π1
Π0
)GR vs Teff relation on metallicity in GR regime, and on with
and without a chameleon field of αc =
1
3 , φ∗ = 10
−7 for stars of 6M.
Metallicity is another important factor that can change a star’s pulsation modes and
Π1/Π0 ratio, with other parameters of the star fixed. We show in Figure 12 the effects
of metallicity of a 6M second crossing Cepheid star on its Π1/Π0 ratio. In both GR
and MG regimes, with the latter has αc =
1
3
and φ∗ = 10
−7, larger metallicity (Z = 0.02)
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Figure 13 : The dependence of ∆Π1Π0 /(
Π1
Π0
)GR vs Teff relation on metallicity in GR regime, and on with
and without a chameleon field of αc =
1
3 , φ∗ = 10
−7 for stars of 10M.
increases this ratio by about 4% comparing to that of Z = 0.002. This is comparable
to the effect of chameleon field, where with and without chameleons, the ratio Π1/Π0 is
changed by about 1%. Therefore, it is very difficult to constrain the scalar field if our
measurements of stars metallicities are not good enough. Yet this is usually the case
because our tests work better when we use extragalactic galaxies, whose metallicities are
usually not well determined - at least not good enough for our tests.
3.4 Discussions
In this section we discuss about the implications of the work for constraints on modified
gravity. First, the MG theories modigy the periods of Cepheids by a substantial amount,
12−45%. However, the metallicity of a star plays an equally important role as chameleon
field does in the variations of a star’s pulsation period. Therefore, the metallicity and
MG effects are potentially difficult to disentangle.
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Appendix 3.A Matrix Method
In this section we shall provide a matrix method for obtaining numerical solutions to
the linear adiabatic wave equation (LAWE) for arbitrary equilibrium stellar models, and
shall test the validity of the method with numerical implements for certain selected stellar
models with known analytic solutions.
We start with three equations (Cox 1980): Eq. (5.36),
δP
P0
= Γ1,0
δρ
ρ0
(3.A.1)
where the subscript 0 means the unperturbed solutions, Eq. (7.4)
δρ
ρ0
= −3ξ − r0
∂ξ
∂r0
(3.A.2)
where ξ = δr
r0
, and Eq. (8.60),
ω2δri = −
4Gimi
r3i
δri + 4πr
2
i
(δP )i+ 1
2
− (δP )i− 1
2
DMi
(3.A.3)
where mi is the mass interior to the interface i, and DMi ≡ 12(i− 12 +Mi+ 12 ) is the ”effective”
mass that determines the inertia associated with the ith interface, where Mi− 1
2
is the mass
of the ithzone, which is between the i − 1th and ith interfaces. The zones are numbered
1, 2, .., J , from the inside out, and there are J + 1 interfaces, numbered 0, 1, 2, .., J .
By defining Xi ≡ δriri , we can rewrite Eq. (3.A.3) as
ω2Xi = −
4Gimi
r3i
Xi + 4πri
(δP )i+ 1
2
− (δP )i− 1
2
DMi
(3.A.4)
Plugging Eq. (3.A.2) into Eq. (3.A.1) and using Xi ≡ δriri , we have
(δP )i+ 1
2
= −Γ1,i+ 1
2
Pi+ 1
2
(
3Xi+ 1
2
+ ri+ 1
2
Xi+1 −Xi
ri+1 − ri
)
(3.A.5)
and substituting this into Eq. (3.A.4), we can express Xi± 1
2
in terms of Xi±1 and Xi for
ri+ 1
2
 (ri+1 − ri) and then rewrite Eq. (3.A.4) as
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ω2Xi = AiXi−1 +BiXi + CiXi+1 (3.A.6)
where
Ai =
4πri
DMi
Γ1,i− 1
2
Pi− 1
2
(
3
2
−
ri− 1
2
ri − ri−1
)
(3.A.7)
Bi = −
4Gimi
r3i
+
4πri
DMi
[
Γ1,i− 1
2
Pi− 1
2
(
3
2
+
ri− 1
2
ri − ri−1
)
− Γ1,i+ 1
2
Pi+ 1
2
(
3
2
−
ri+ 1
2
ri+1 − ri
)]
(3.A.8)
Ci = −
[
4πri
DMi
Γ1,i+ 1
2
Pi+ 1
2
(
3
2
+
ri+ 1
2
ri+1 − ri
)]
(3.A.9)
Note: Cox says that the matrix is symmetric. However, in our notation Ai+1 cannot
possibly be equal to Ci. — This is because we define Xi in a different way than they do.
Notice that we cannot get A0, B0, BJ , and CJ directly from their definitions thus the
first row of the matrix given by Eq.’s (3.A.7), (3.A.8), and (3.A.9) does not exist, but for
the matrix elements on the surface we can use the boundary conditions to get BJ ,
BJ =
GJMJ
r3J
[
−4 + Γ1,J
(
3
2
+
rJ− 1
2
rJ − rJ−1
)]
(3.A.10)
and for AJ we have
AJ =
GJMJ
r3J
Γ1,J
(
3
2
−
rJ− 1
2
rJ − rJ−1
)
(3.A.11)
Therefore, the matrix is
B1 C1 0 0 0 0
A2 B2 C2 0 0 0
0 Ak Bk Ck 0 0
0 0 AJ−2 BJ−2 CJ−2 0
0 0 0 AJ−1 BJ−1 CJ−1
0 0 0 0 AJ BJ

(3.A.12)
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The square root of the lowest eigenvalue ω20 of matrix (3.A.12) is the fundamental
pulsating mode of the Cepheid, and that of the second lowest ω21 is the first overtone, and
so on. The eigenvalues are solved numerically.
Polytropes: The validity of the code is checked by using polytropes. We perturb those
stars to obtain their pulsating eigenmodes numerically and compare them with the ana-
lytic solutions in Cox’s Table 8.1.
The shape of the pressure of a polytrope as a function of radius r is
P (r) = K0 ρ(r)
n+1
n (3.A.13)
where K0 is a constant and n is an index.
The constant K0 is given by taking the values at the center of the star,
ρc
mp
kT = Pc = K0 ρ
n+1
n
c (3.A.14)
which results in
K0 =
ρ
1
n
c
mp
kTc (3.A.15)
where mp is the mass of a proton, k is a constant, and Tc is the temperature at the
center of the star, which can be taken as the temperature at the center of the Sun.
The general form for pressure is
P (r) =
ρ
1
n
c
mp
kTc ρ(r)
n+1
n (3.A.16)
and central pressure
Pc =
ρ
n+2
n
c
mp
kTc . (3.A.17)
For n = 3, the constant K0 is
K0 =
ρ
1
3
c
mp
kTc (3.A.18)
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and the pressure is
P (r) = K0ρ(r)
4
3 =
ρ
1
3
c
mp
kTc ρ(r)
4
3 . (3.A.19)
We also have
dP
dr
= −GM(r)
r2
ρ(r) (3.A.20)
dM
dr
= 4πr2ρ(r) . (3.A.21)
For small r, say r = 10, 000 cm,
M(r) =
4π
3
r3ρc . (3.A.22)
For small r, we have ρ(r) = ρc and plug into the above equation for M(r)
P (r)− Pc = −
GM(r)
r2
ρ(r)r = −4π
3
Gr2ρ2c . (3.A.23)
Once we have Pc, ρc, and
dP
dr
|c, we can evolve for P (r), ρ(r), and M(r). Then we can
solve for the perturbation solutions.
The other method is taking M(r) as the variable to get P (M). We have
dP
dM
dM
dr
= −GM(r)
r2
(3.A.24)
plug (3.A.21) into the above equation and get
dP
dM
= −GM(r)
r2
dr
dM
= −GM(r)
4πr2
(3.A.25)
Figure 14 shows our numerical solutions using the matrix method comparing to the
pulsating frequencies of Polytropes with known analytic solutions. Table 3 shows our
numerical solutions compared to the analytic ones. The accuracy of the eigenvalues de-
pends on the number of zones for a Polytrope. The more zones used, the closer numerical
solutions to the eigenvalues are to the analytic ones. In this table we use about 1000
zones.
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Figure 14 : The eigenmodes of Polytrope n = 3.0 with Hong’s code. (n = 3.5, and n = 4.0 are commented
out.)
Table 3 : Comparison of Analytic and Numerical Solutions to Fundamental Periods of Selected Stellar
Models in GR.
Model Γ1 Π0/Π0, analytic
Polytrope n = 3.0 5/3 3.008/3.043
Polytrope n = 3.5 5/3 3.523/3.56
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Chapter 4
Determining Hubble Constant With
Gravitational-wave and
Electromagnetic Observations
4.1 Introduction
One of the greatest discoveries in the 20th century is that the Universe is expanding as
originally shown in Edwin Hubble’s 1929 article “A relation between distance and radial
velocity among extra-galactic nebulae”. Hubble’s law states that a galaxy’s distance is
proportional to its recessional velocity or redshift as shown in the Hubble diagram. The
proportionality constant is named Hubble constant, H0. To measure H0 we need two
ingredients: one is the distance to a point and the other is the redshift of a freely falling
body at that point.
Hubble originally measured a value of H0 = 500 km/s/Mpc. Later pbservations led to
a range between 50 km/s/Mpc and 100 km/s/Mpc (Freedman 2017). There are mainly
two methods to measure the Hubble constant with solely electromagnetic observations.
The classical and local route to an accurate value of H0 is through the calibration of
Cepheids or the more luminous Type Ia supernovae providing distances extending well
into the distant smooth Hubble flow, and the refinements among teams yield values of
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73.24± 1.74 km/s/Mpc (Riess et al. 2016). The measurements of the fluctuations in the
cosmic microwave background (CMB) from the Big Bang provide a relatively new means
of estimating the value of the Hubble constant. This very different approach leads to a
derived value of 67.8± 0.9 km/s/Mpc (Planck Collaboration 2016), which is over 3− σ
discrepant with the most recent Riess et al. (2016) value. It is certainly worth noting
that the local measurement of H0 is based on the astrophysics of stars, and the CMB
results are based on the physics of the early universe: the results are entirely independent
of each other. However, the currently estimated error bars do not overlap (Bernal et al.
2016). How to explain the discrepancy? The obvious possibility is that one or both of the
methods may suffer from unknown systematic errors. Another possibility is that there is
underlying new physics(Bernal et al. 2016; Freedman 2017).
An independent and complementary way to measure Hubble constant makes use of
both gravitational-wave and electromagnetic observations. Gravitational wave observa-
tions can directly provide distance information to merging binaries (Abbott 2017a). The
association of a redshift via EM observations then allows determination of H0.
Measuring the Hubble constant with gravitational waves naturally fall into two cat-
egories. One is when the host galaxy or electromagnetic counterpart of a gravitational
wave signal progenitor can be identified such that the redshift of the gravitational-wave
event can be measured, and thus to estimate the Hubble constant using the directly mea-
sured distance from the gravitational-wave observation (Holz & Hughes 2005; Nissanke
2010, 2013; Chen et al. 2017). The multi-messenger observations allow us to use compact
binaries as standard sirens, the gravitational-wave analog of an astronomical standard
candle, to measure the Hubble constant. The measurement of H0 combines the distance
to the source inferred purely from the gravitational-wave signal with the recession velocity
inferred from measurements of the redshift using electromagnetic data. This approach
does not require any form of cosmic “distance ladder”, and the gravitational wave analysis
can be used to estimate the luminosity distance out to cosmological scales directly, with-
out the use of intermediate astronomical distance measurements. We call this method H0
via counterpart. On 17 August, 2017, the Advanced LIGO and Virgo detectors observed
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GW170817 (Abbott 2017a), a gravitational-wave signal from the merger of binary neu-
tron stars. The detection was also made in electromagnetic waves. Less than 2 seconds
after the merger, a gamma-ray burst (GRB 170817A) was detected within a region of
the sky consistent with the LIGO-Virgo-derived location of the gravitational-wave source
(Abbott 2017d; Goldstein 2017; Savchenko 2017). Subsequent observations by optical as-
tronomy facilities made the identification of an optical transient signal within ≈ 10 arcsec
of the galaxy NGC 4993, which is within the 90% LIGO-Virgo localization. That this
optical transient is associated with GW170817 is supported by observations of the subse-
quent evaluation of the source (Abbott 2017e; Coulter 2017; Valenti 2017; Arcavi 2017)
in addition to the results of searches of the LIGO-Virgo error box (Soares-Santos 2017).
With this first detected BNS merger, the LVC were able to apply the H0 via counterpart
method (LIGO 2017) to determine the Hubble constant to be 70.0+12.0−8.0 km/s/Mpc. This
is consistent with existing measurements, while being completely independent of them.
The other category is when we cannot identify the host galaxy because there is no
associated electromagnetic signals observed in the same region where a gravitational wave
happened. In the case of absence of a host galaxy, we use a galaxy catalog as the prior
information (Schutz 1986; Del Pozzo 2012; Pozzo 2014; Chen et al. 2017) for where the
gravitational wave could happen because we assume that the gravitational wave originated
from a compact binary system located in a galaxy or the vicinity of a galaxy. We usually
call this method H0 statistical.
There are circumstances where we do not have electromagnetic counterpart observa-
tions for a gravitational wave. For example, the Sun could block the electromagnetic
signals that accompanied a gravitational wave. Binary black hole mergers are not ex-
pected to give an electromagnetic signal. Some people suggested that in these cases, we
simply not use these gravitational wave events. However, the fraction of gravitational
waves that are associated with or can be observed with their electromagnetic counter-
parts is unknown to us. If the fraction is very small, we do not want to waste these events
without their counterparts because we can still estimate Hubble constant even though
much less accurately for an individual event without its counterpart. With enough events,
59
H0 statistical may produce a better combined posterior estimate of H0 than the H0 via
counterpart method does. Not only the gravitational waves without their counterparts
but within about 0.1 redshift are helpful for H0 statistical studies because we can use the
publicly available galaxy catalog, but also the ones at higher redshift (z > 0.1) without
their counterparts but well localized and have their corresponding galaxy catalogs from
the followups of astronomers. For the latter, there are proposals of effort on the galaxy
catalog for each gravitational wave event from private discussions with LSC members.
Therefore, the H0 statistical method is well worth studying.
In the remaining sections of this chapter, we summarize an approach to measuring the
Hubble constant based on the original suggestion of Schutz (Schutz 1986) and along the
lines investigated by Pozzo (2014). The method is summarized in Sec. 4.2. The applica-
tion of the method to a mock-data-challenge undertaken by the LIGO-Virgo Cosmology
group is summarized in Sec. 4.3. The chapter finishes with an application to GW170817
in which I reproducde the results from LIGO (2017).
4.2 Methodology
Let d represent the data from gravitational-wave observations and h(λ, α, δ, z,H0) repre-
sent a gravitational-wave signal from a compact binary merger. The parameters explicitly
needed for this computation are right ascension α, declination δ, redshift z, and the Hub-
ble constant H0. The masses, spins, and all other parameters except those explicitly
needed for this calculation are represented by λ. The probability of d given that the
signal is present is p[d|h(λ, α, δ, z,H0)]; the probability of d in the absence of a signal is
p[d|0].
We further introduce the prior probability distribution p(α, δ, z,H0). Details of this
distribution function will be discussed below in 4.2.3. For now, we note that catalogs
of galaxies can be used to build distribution functions although care is needed to deal
with incompleteness of those catalogs. On the other hand, electromagnetic observations
that identify the host galaxy of the gravitational-wave source would give a very compact
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distribution and provide a better measurement of the Hubble constant. The following
formalism covers both cases at the same time provided one ignores the dependence of
electro-magnetic follow-up on the original gravitational-wave observation. This latter
issue will be the subject of future work.
4.2.1 Single observation
The posterior over H0 given the observations d is
p(H0|d) =
(
p[d|h] p1+p[d|0] p0
)−1 ∫ {
p[d|h(λ, α, δ, z,H0)] p(λ) p(α, δ, z,H0) p1
}
dα dδ dz dλ
(4.2.1)
where
p[d|h] =
∫ {
p[d|h(λ, α, δ, z,H0)] p(λ) p(α, δ, z,H0)
}
dα dδ dz dλ dH0 . (4.2.2)
The prior p(α, δ, z,H0) is discussed in Sec. 4.2.3. We now introduce the likelihood
L(α, δ, z,H0|d) =
∫
p[d|h(λ, α, δ, z,H0)] p(λ)
p[d|0] dλ (4.2.3)
and define
E = p[d|h]/p[d|0] . (4.2.4)
At this point, we make the simplifying assumption that there is a signal present in the
data with unknown parameters, i.e. p0 = 0. The posterior on H0 can now be written as
p(H0|d) = E−1
∫
L(α, δ, z,H0|d) p(α, δ, z,H0) dα dδ dz (4.2.5)
It is useful to convert this expression into an expression that uses the gravitational-
wave posterior which is usually computed using a uniform in spatial volume prior. Thus
pgw(α, δ, r|d) dα dδ dr = L(α, δ, r|d)V −1Θ(r)r2 cos(δ) dα dδ dr (4.2.6)
= L(α, δ, cz/H0|d)V −1Θ(cz/H0)(c/H0)3z2 cos(δ) dα dδ dz(4.2.7)
= pgw(α, δ, z|d) dα dδ dz (4.2.8)
which allows us to rewrite
L(α, δ, cz/H0|d) =
(H0/c)
3V pgw(α, δ, z|d)
Θ(cz/H0)z2 cos(δ)
. (4.2.9)
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Note that V is independent of H0 within this approximation and is given by
V = 4π
∫ ∞
0
Θ(r)r2dr (4.2.10)
where Θ(r) is supposed to the gravitational-wave searching efficiency but it is taken to
be a step function instead because in practice, the parameter estimation studies are done
using a large distance cut-off which is equivalent to using a step function for the efficiency.
Substituting Eq. (4.2.9) into Eq. (4.2.5) gives
p(H0|d) =
H30V
c3E
∫
pgw(α, δ, z|d)
p(α, δ, z,H0)
Θ(cz/H0)z2 cos(δ)
dα dδ dz (4.2.11)
4.2.2 Multiple observations
This generalizes to multiple observations as follows. Consider N binary mergers each
occurring at different coalescence times tc,j. The posterior over the Hubble constant then
is
p(H0|d) = E−1
N∏
j=1
{∫
dα dδ dz Lj(α, δ, z,H0|dj)p(α, δ, z,H0)
}
(4.2.12)
where dj is the data from each observation and p[d|h] in Eq. (4.2.4) is replaced by
p[d|h] =
∫ ∏
j
{∫
dα dδ dz dλ p(λ)pj[dj|h(λ, α, δ, z,H0)]p(α, δ, z,H0)
}
dH0 . (4.2.13)
Equations (4.2.12), (4.2.13) and (4.2.4) determine the posterior on the Hubble constant.
As we proceed to an actual measurement, the inclusion of nuisance parameters to address
various systematic and statistical errors will be important.
4.2.3 Prior
The prior is taken to be
p(α, δ, z,H0) = ε(cz/H0) pg(α, δ, z,H0) f(H0) (4.2.14)
where ε(cz/H0) is the gravitational-wave search efficiency, pg(α, δ, z,H0) is the spatial
distribution of host locations, and f(H0) is given by
f(H0) =
[
p(H0)∫
ε(cz/H0) pg[α, δ, z,H0] dα dδ dz
]−1
. (4.2.15)
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to make the marginalized prior in H0 the prior in H0 or p(H0). The p(H0) can be any form,
and in our studies we take it to be flat or 1/H0. The gravitational-wave search efficiency
depends on the instrumental sensitivity and the analysis method used to identify signals,
but not on the specific data used to make this measurement.
For multiple events, in order not to count the prior p(H0) multiple times we take the
function f(H0) to be dependent on the number N of the total events. In this case, the
prior is
p(α1, ..., αN , δ1, ..., δN , z1, .., zN , H0) =
N∏
j=1
ε(czj/H0) pg(αj, δj, zj, H0) f(H0)(4.2.16)
= [ε(cz/H0) pg(α, δ, z,H0) f(H0)]
N (4.2.17)
and the marginalized prior in H0 is
f(H0) =
p(H0)
1
N∫
ε(cz/H0) pg(α, δ, z,H0)dα dδ dz
(4.2.18)
where we recover Eqn. 4.2.15 for the single detection case when N = 1.
Now consider a galaxy catalog which provides the spatial location, size, luminosity,
and other measures of mass for each galaxy. We model the contribution from each galaxy
as a Gaussian
fj(α, δ, z,H0) =
1√
(2π)3σαjσδjσzj
exp
[
−1
2
{
(α− αj)2
σ2αj
+
(δ − δj)2
σ2δj
+
(z − zj)2
σ2zj
}]
(4.2.19)
weighted by its blue luminosity. An alternative is to model the galaxies as delta-functions
similarly weighted. Both approaches should yield equivalent results once systematic ef-
fects are properly dealt with. The former more easily includes information about the size
and shape of the galaxies, but it has weaknesses for sparsely sampled posteriors.
In addition to these contributions, it is extremely important to account for those
galaxies that we have not yet identified. We do this by introducing a completion function
so that the blue luminosity (or other galaxy mass weight) is
pg(α, δ, z,H0) = L̂
−1
[∑
j
Lj,70 fj(α, δ, z,H0) + L∗F(z) cos(δ)
]
. (4.2.20)
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Under the assumption that the redshift of each galaxy is directly measured, this function
does not depend on H0. In reality, there will be some dependence on H0 introduced for
nearby galaxies and/or galaxies not sufficiently far away to be fully in the Hubble flow.
Over large scales, this distribution function in Eqn. 4.2.20 should be constant per unit
co-moving volume. In the local Universe, this is approximately equivalent to the integral
over right ascension and declination being proportional to z2.
The efficiency function ε(z,H0) is ultimately determined using injections into the
gravitational-wave data and searching for them. Some important intuition can be ob-
tained by introducing a cut-off at luminosity distance rH and defining
ε(cz/H0) = Θ(rHH0/c− z) . (4.2.21)
The final result should be relatively insensitive to the particular form of this function
provided it introduces a cutoff in luminosity distance to which the search is sensitive.
This should be checked.
4.3 Mock Data Challenge
This section reports work carried out in collaboration with the LIGO-Virgo Cosmology
group and will be part of a paper which is in preparation by that group. The mock galaxy
catalogs used here were generated by collaborators in the University of Glasgow.
4.3.1 Simulation
To measure the Hubble constant with the approach described above, we used the second
observing scenario studies from the first-two years (F2Y’s) study (Singer 2014). The paper
focuses on two observing scenarios representing the evolving configuration and capability
of the Advanced GW detector array. The first, in 2015, is envisioned as a three-month
science run. LIGO Hanford and LIGO Livingston Observatories are operating with an
averaged (1.4, 1.4)M BNS range between 40 and 80 Mpc. The second, in 2016-2017,
is a six-month run with H and L operating between 80 and 120 Mpc and the addition
of Advanced Virgo with a range between 20 and 60 Mpc. For each of the two scenarios
64
synthetic detector streams were made by placing post-Newtonian inspiral signals into
two months of colored Gaussian noise. There was an average waiting time of ≈ 100 sec
between coalescences. At any given time, one BNS inspiral signal was entering LIGO’s
sensitive band while another binary was merging, but both signals were cleanly separated
due to their extreme narrowness in time-frequency space. The power spectral density
(PSD) estimation used enough averaging that it was unaffected by the overlapping signals.
Component masses were distributed uniformly between 1.2 and 1.6 M. Each NS was
given a randomly oriented spin with a maximum magnitude of χ = c|S|/Gm2 ≤ 0.05,
where S is the star’s spin angular momentum and m is its mass.
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Figure 15 : The normalized histogram of the distances of the found injections (blue) and test galaxy
catalog (orange) from the 2016 MDC simulation set. The blue line is uses the gravitational-wave detection
efficiency ε(r) while the red line is just a simple r2 curve.
4.3.2 Found injections
The F2Y’s MDC made 100,000 of injections and found about 1000 events for the two
scenarios. In our study, the MDC uses only the 2016-2017 observing scenario, which
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includes 250 found injections that have gone through parameter estimation using LALIn-
ference. The distance distribution of the found injections is in Fig. 15. Also plotted is the
distribution of the galaxy catalog for the MDC, which is introduced in the last section.
We can see that the galaxy distance distributes as a function of distance squared, the
found injections peak at around 100 Mpc. This is mainly because the 2016-2017 scenario
operates between 80 to 120 Mpc and it is proportional to the distance squared multiplied
by the detection efficiency ε as shown by the blue solid line in the figure.
We also show in Fig. 16 the function f(H0) that produces a flat prior in H0 is compa-
rable with a cubic scaling of H0 which is as expected for a smooth, uniform distribution
in volume as is the case for the MDC galaxy catalog, which will be introduced in the next
subsection.
Figure 16 : For the galaxy catalog in the MDC v1, the function f(H0) determined to produce a uniform
prior pH(H0) compared with a power-law in H0. The cubic scaling is expected for a smooth, uniform in
volume distribution at large luminosity distance.
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4.3.3 Galaxy catalogs
The full galaxy catalog of the MDC in our studies, which is called MDC v1, contains
48,906 galaxies. Each has its right ascension (RA), declination (Dec), and redshift z.
The RA’s and the Dec’s are uniformly distributed in the whole sky. The redshifts of
the galaxies range from close to 0 to 0.1011 and their distribution is proportional to
z2. The cosmology used for making the injections of GW sources corresponds to H0 =
70 km/s/Mpc.
We also construct incomplete galaxy catalogs from the complete one. First the model
universe from MDC v1 is extended such that when the apparent magnitude cut is applied,
the redshift distribution of the limited catalogue trails to zero without a hard cut off. The
redshift goes up to 0.45 in this extended catalog. Luminosities are then assigned randomly
to galaxies within the universe, from a Schechter function parametrised by α = −1.07,
and a lower limit of L = 0.001L∗, where L∗ = 1.2 ∗ 1010h−2L· and h = 0.7.
Three galaxy catalogs are then truncated from the extended version of MDC v1 by
applying apparent magnitude cuts.They are named MDC v2.1, v2.2, and v2.3 and have
different levels of completeness that correspond to approximately 25, 50, and 75% of the
250 GW detections with hosts contained in the catalogs.
4.3.4 Combined H0 posterior
We apply the method discussed in Sec. 4.2 to the 250 events using various galaxy catalogs.
We first show the proof of principle calculations with an empty galaxy catalog. Without
any information of the galaxies, the posterior of H0 from each event is expected to be the
same as the prior in H0. In the case we choose a flat prior, we expect to obtain a flat
posterior from each event. The combined posterior with 250 events are also expected to
be flat. These are illustrated in Fig. 17, which also proves the validation of our code.
We then calculate the posteriors from the events using the complete galaxy catalog
MDC v1. Fig. 18 shows the combined posteriors of the Hubble constant as events are
added to the combination. The thicker the lines the more events are added. Combining
all the 250 events, the peak value of H0 is about 69.5 km/s/Mpc and the 1− σ error of
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Figure 17 : The posterior distribution of H0 using the KDE method for the 250 coming from the MDC
simulation with an empty galaxy catalog.
H0, i.e., σH0 , is 1.5 km/s/Mpc or an accuracy about 2%.
We make a plot of the peak value of H0 and its 1 − σ error bar as a function of the
number of (i.e., the first N) GW events in Fig. 19. The ordering of the number follows
that the events are always grouped in the order that they are designated, MDC 1 through
MDC N . We can see that the more GW events we use, the closer the peak value to the
“real” value and the smaller the 1− σ error bar.
We also expect the 1 − σ error in H0 to be inversely proportional to the square root
of the number of events,
σH0 = Cσ/
√
N (4.3.1)
where Cσ is a proportional constant. To check this, we group the events and use them.
For each number N of events, we have 250/N groups of N events. For each group, we
combine their posteriors and get a combined posterior. We then take the 1− σ error bar
of the combined posterior for a group of events. We repeat this for other groups of N
events. In the end, we get an average value of σH0 and its standard deviation for the
groups of N events. We take several values of N , for example 10, 20, 30, 40, 50, 60, etc,
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Figure 18 : The posterior distribution of H0 using the KDE method for the 250 coming from the MDC
simulation. The angular selection uses all galaxies having a posterior sample within 80 kpc/r of the
galaxy center. The catalog used to determine the spatial distribution of signals is also used in the
recovery step. The red vertical line corresponds to the peak value. The light lines are the posteriors as
each event is added.
and repeat the process. The averaged σH0 and the standard deviation of σH0 as a function
of N are shown in the cyan dots and black bars in Fig. 20. The thin black dashed line
shows the best fit, with the proportional constant Cσ = 25.57 km/s/Mpc.
Further, we study the effects of incompleteness of a galaxy catalog on the H0 mea-
surement. Figs. 4.3.4, 4.3.4, and 4.3.4 show the posteriors calculated from the 250 events
using 75%, 50%, 25% complete catalogs. With the 75% complete catalog MDC v2.3 and
using the 250 events, we get the peak value of H0, as shown by the thick red solid line,
close to the injected value and the 1 − σ error being slightly larger than with the full
catalog MDC v1. The results in 50% complete catalog MDC v2.1 case are similar to the
75% complete case with only further larger 1−σ error in H0. For the 25% case, the peak
value of the combined posterior from the 250 event is about 68 km/s/Mpc and 1−σerror
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Figure 19 : The peak values and one-sigma errors of Hubble constant as a function of the number of GW
events in MDC simulations starting from MDC 1 and moving up in number to MDC 250 using the KDE
method. The “real value” or the injected value for the simulations is 70km/s/Mpc. The colored bars
show the one-sigma errors of H0 measured by other teams, where the blue and the cyan colors correspond
to results in Riess et al. (2016), and Planck Collaboration (2016), respectively.
is 4.6 km/s/Mpc, which triples the σH0 in the case with MDC v1. Note that the number
of the events are ordered as in the F2Y’s MDC which have more events injected in closer
galaxies in the first half of the events than the second half.
4.4 Results with electromagnetic counterparts for GW170817
Now we move to the application of the counterpart method to GW170817, which is the
only observed BNS merger with its host so far. While we focus on using the statistical
association between galaxies and gravitational-wave observations to estimate the Hubble
constant. The methodology is easily adapted to the situation where electromagnetic ob-
servations either identify a counterpart or constrain the source to not be in a particular
galaxy set. In this approach, the spatial distribution function pg(α, δ, z,H0) is modified
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Figure 20 : The log-log plot of the one-sigma error of Hubble constant and its standard deviation (error
bars) as a function of the number of GW events in MDC simulations using the KDE method.
on an event-by-event basis as a result of the electromagnetic follow-up observations. For
example, the confident identification of the counterpart in NGC4993 for GW170817 im-
mediately introduces a likelihood function that selects only this galaxy when constructing
the prior.
Applying counterpart formalism to GW170817 using recession velocity 3017 ±
166 km/s for the single galaxy NGC4993 gives the result shown in Fig. 22 and
70.8+11.5−7.7 km/s/Mpc. This is consistent with LIGO’s other pipelines that calculate the
H0 value (LIGO 2017).
4.5 H0 statistical results for GW170817
In this section instead of using the observed host galaxy of GW170817 we use a galaxy
catalog as the prior information for the location of the GW170817. A number of galaxy
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Figure 21 : The posterior distributions of H0 using the KDE method for the 250 coming from the F2Y’s
MDC simulation with the 75%, 50%, 25% complete galaxy catalogs.
catalogs are available Kopparapu et al. (2008); White et al. (2011); Dalya et al. (2016)
with their incompleteness being at different levels and they can be exploited to con-
struct the known matter distribution. However, each of these has their limitations. The
original gravitational-wave catalog developed by Kopparapu et al. (2008) only includes
72
Figure 22 : The posterior over H0 using the information from the identification of the electromagnetic
counterpart. The gravitational-wave samples were generated using the fixed position of the counterpart
in NGC4993.
Figure 23 : Cumulative blue luminosity as a function of redshift.
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information up to 2007; the GWGC of White et al. (2011) has more recent informa-
tion, but more information is available now. In this study, we have used version 2 of
the GLADE catalog Dalya et al. (2016) which is estimated to be complete to about 73
Mpc. The unnormalized and angle-integrated distribution
∫ z
0
dz′
∫
dα dδ LB(α, δ, z
′, H0)
for H0 = 70km/s/Mpc is shown in Fig. 23.
This is equivalent to the cumulative blue luminosity as a function of redshift which
is also shown for the GLADE catalog. The uniform density fit from Kopparapu et al.
(2008) is also shown. The function F is approximated by a second-order polynomial in
z. As shown in Fig. 23, this approach does a reasonably good job of addressing the lack
of completeness.
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Figure 24 : The posterior over H0 using Glade v2.2. The gravitational-wave samples, generated using
standard uniform in volume priors, were used to build a KDE of the posterior distribution from the
gravitational-wave data and the galaxies were approximated as delta functions.
Using the galaxy catalog (v2.2 of Glade) and the simplified efficiency given in
Eq.(4.2.21) with rH = 100 Mpc, the statistical result is shown in Fig. 24. We can see
that with the statistical method, there are several bumps in the posterior of Hubble
constant. These peaks result from the non-uniform distribution of the galaxies. One of
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the bumps, as indicated by the vertical red line in Fig. 24, falls around the measured
peak value from the H0 + counterpart method with the GW170817 event and its host
galaxy NGC4993. Even though the mostly likely peak value is not the same as that from
the counterpart method, we should know that this is as expected from the distribution
of the matter in the catalog. With multiple events, we should be able to combine the
posteriors from individual events and get the correct peak value. The related studies are
demonstrated in Sec. 4.3 with the MDCs.
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Chapter 5
Conclusions
5.1 Summary
The first direct detection of gravitational waves (GWs) on Sep 14, 2015 by advanced Laser
Interferometer Gravitational-wave Observatories (LIGO) opened a new era of astronomy.
Within and outside of the LIGO-Virgo Scientific Collaboration I studied several aspects of
the gravitational wave astronomy and tested the theories of general relativity and modified
gravity. Before and during aLIGO’s first observing run, I investigated the constraints that
can be placed on the astrophysics of the Galactic Center super massive black hole as well
as strategies for future observations. I also studied the chameleon field theory using the
pulsations of Cepheid variable stars in dwarf galaxies. During the first observing run,
I worked on the gravitational wave searching pipeline GstLAL, analyzed two chunks of
real data to search offline for gravitational waves, and found a lower-significance trigger
LVT151012. During the second observing run and after we detected the first binary
neutron star (BNS) merger and its EM counterpart NGC4993, I applied my tools on
the event and constrained H0 with and without its EM counterpart. I have also been
collaborating within the LSC Cosmology group to further study the statistical method
of measuring H0 using the data from a Mock Data Challenge (MDC).
Using the Galactic Center stellar orbits, we use Markov Chain Monte Carlo (MCMC)
method as well as the analytic model (Fisher matrix) we developed to understand what
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correlations are well-constrained and why. We conclude that existing astrometric mea-
surements cannot constrain the spin of the Galactic Center black hole. Extrapolating to
the precision and cadence of future experiments, we anticipate that the black hole spin can
be measured, extending previously-observed stellar orbits. Our calculations show that we
can measure the black hole spin to a precision of 0.3 at 90% confidence with daily orbital
observations of star S2 for 16 years using telescopes that have an angular resolution of
10 µas and a radial velocity resolution of 500 m/s. If in addition future measurements in-
clude discovery of a new, tighter stellar orbit, then future data could conceivably enable
tests of strong field gravity, by directly measuring the black hole quadrupole moment.
Our simulations show that with a star similar to S2 but half the distance to the Galac-
tic Center and a telescope of resolutions stated above, we can start to test the no hair
theorem with weekly orbital observations of 300 weeks or 6 years.
We also demonstrate the testing of chameleon field theory on stellar structure scales
with the distance indicator Cepheid variable stars. Using the numerical results obtained
for the evolutions of stars from MESA, we calculate the pulsation rates of Cepheid variable
stars with both the theory of GR and the chameleon field theory. We compare our results
with JVS ansartz, and show that the effects of chameleons on the changes of Cepheids
periods from our numerical calculations are several times larger than those from their
ansartz. We also calculate the effects of scalar fields on the ratios of pulsation modes and
show that colder and more massive Cepheid stars are more favorable for testing chameleon
fields. Very importantly, our study find that metallicity has a comparable effect on the
pulsations of Cepheids than chameleon scalar fields. Therefore, it should be carefully
taken into account of in the future efforts of constraining the chameleon filed theory. We
also point out the obstacles we are facing. One is the lack of observational data that
requires the overtone Cepheids to be located in extragalactic galaxies. The second is
that it is difficult to constrain the metallicity of a galaxy very accurately, especially in
extragalactic galaxies. The error of metallicity is typically 100% or larger which affect
the pulsation rates to the same extent as the chameleon field parameters do.
I run end-to-end simulation with the O1data from LIGO’s first observing run to build
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method and tools to of measuring the Hubble constant with both GW events and galaxy
catalogs in the case that the EM counterpart of a GW is not identified. Using the method
and tools, we apply to the first detected BNS event GW170817 with and without its host
galaxy NGC4993. We estimate that the Hubble constant is H0 = 70.8
+11.5
−7.7 km/s/Mpc
given the redshift of the host. Pretending we do not know the host galaxy and use a galaxy
catalog GLADE as the prior information of the possible position of the BNS event, we
estimate the Hubble constant to be likely to take several values because several bumps
show in the posterior, among those bumps there is one sits around the “real” value. We
also apply the method to the found injections in the 2016-2017 scenario of the first two
years’ MDC and estimate how well we can measure the Hubble constant with multiple
events. We find that with 250 events, we can constrain H0 to an accuracy of 1.5 km/s or
2%. This method can be applied to future telescopes as well.
5.2 Future Work
To extrapolate the work presented in this thesis, several efforts have been ongoing or can
be made in the future as planed.
The Hubble constant measurement with the Mock Data Challenge can be further
studied in the following aspects:
• The effects of incompleteness of galaxy catalog on the H0 determination. The galaxy
catalog we observe in real world is usually not complete to the distance at which
we need to study H0. The studies and results we obtain from the MDC simulation
with galaxy catalog with various incompleteness can indicate how the value of H0
could be affected in reality.
• The effects of the value of the fraction of the gravitational waves detected with
their EM counterparts on the H0 measurement. Due to various mechanisms such
as the Sun can block a fraction of EM counterparts of the gravitational waves
to be detected, it is worth studying the how the fractional value can affect our
measurement when we combine the methods with and without the EM counterparts.
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Furthermore, to continue and extrapolate my end-to-end simulation on the Hubble
constant measurement to future observations, it is well worth making use of the scenario
studies planned before O3 observing run, which is scheduled later this year. The scenario
study can be used as an end-to-end simulation of H0 determination using galaxy catalogs
in mimicked O3 observation scenarios. Several factors can have effects on and should be
accounted for.
• The mimicked Universe was constructed by completion of an observed galaxy cat-
alog using Schechter luminosity function, and the added galaxies are assumed to
be uniform in 3D volume. However, this assumption does not take into account
of large scale structures, of which the most commonly used quantitative measure
is the galaxy two-point correlation function, which traces the amplitude of galaxy
clustering asa function of scale.
• The GW sources were injected in the centers of the galaxies. In fact, some of them
can happen off the galaxies due to the mechanism called neutron star kicks.
• The modeled rate of BNS mergers were proportional to the blue luminosity of a
galaxy because most of previous research used similar approaches. This assumption
is not accurate because the first BNS event was detected in an elliptical galaxy whose
blue luminosity was small which would indicate a small possibility of detection.The
above factors are the main ones that I want to study to see how Hubble constant
constraint can be affected with end-to-end simulation of BNS mergers. Besides,
the methodology can also be applied to binary black hole (BBH) and neutron star
black hole (NSBH) events, and can be extended to the work on constraining other
cosmological parameters.
• There is a 1% calibration error in the gravitational wave strain, which leads to a
1% error in the distance measurement of the GW and effect the gravitational wave.
This should be studied carefully.
• Another factor that can affect the distance measurement is gravitational lensing.
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This can fold into parameter estimation and result an error in H0.
• The scenario study can be used to constrain other cosmological constants such as
Ωm when the GW even happens at redshift higher than, say, 0.1. In this sense,
the method can be extrapolated to the next generation telescopes such as Einstein
telescope.
• The simulation can be used to study the value of redshift at which we can no longer
assume a Euclidean universe by comparing the posteriors of H0 using Euclidean
and non-Euclidean universes and see when the turnover happens.
To summarize, we can see that along with the Hubble constant efforts, many inter-
esting cosmology questions can be asked, studied and maybe answered within the next
decade.
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